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Abstract

This paper characterizes a general class of macroeconomic models with in-
complete information, which feature both endogenous signal processes and en-
dogenous state variables. I introduce an algorithm to solve the general model,
and demonstrate how to compute it. If the model satisfies a regularity con-
dition, I prove that an equilibrium must exist, and that the regularity condi-
tion is necessary for the equilibrium to be stable and locally unique. As an
application, I consider a business cycle model with capital where firms must
make inferences about aggregate shocks through the movements of endogenous
prices. The model is solvable even though the fundamental state of the econ-
omy is never revealed. I calibrate using US industry-level panel data, and apply
the model to study investment cost shocks. I find that incomplete information
amplifies the effects of these shocks, raising the volatility of consumption over
the business cycle.
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1 Introduction

I derive a method to solve macroeconomic models with dispersed information and
two challenging features: endogenous signals and endogenous state variables. En-
dogenous signals1 improve models of incomplete information by allowing for agents
to learn from realistic sources, such as quantities and prices. But solving dynamic
models with endogenous signals has proven difficult, and lacked characterizations of
general properties, such as existence, uniqueness, or stability. When endogenous state
variables such as capital are included, the challenges in finding equilibrium become
even more difficult, and few such models have been solved without shortcuts that
recover full information after some number of periods or for some subset of agents.
This paper resolves these difficulties with a tractable new algorithm: Signal Operator
Iteration.

The second contribution is a regularity condition. When signals are endogenous,
agents’ choices depend on their information sets, which depend on agents’ choices,
which depend on their information sets, and so forth. Does this sequence converge
to an equilibrium process for information and actions? Yes, if this feedback is not
too explosive: I prove that if the model satisfies Information Feedback Regularity, an
equilibrium must exist. Next, I consider the subclass of stable equilibria, which are
robust to small perturbations, and I show that Information Feedback Regularity is
a necessary condition for equilibria to be stable. Stable equilibria have two useful
properties: they are locally unique2 and Signal Operator Iteration is guaranteed to
solve for them given any nearby starting point.

As an application, I study the interaction between incomplete information and
shocks to the cost of investment. The macroeconomic model features the previously
challenging combination: both endogenous signals and capital.3 Agents can observe
prices and quantities in their local market, but not the aggregate state of the economy.
Rather, when making investment decisions, they must try to infer the magnitude of
aggregate shocks by observing the realizations of local variables that are affected

1“Endogenous” signals or information has different meanings in different literatures. In this
context it is Huo and Takayama (2015)’s definition: the endogeneity refers to agents’ observation of
noisy signals containing endogenous variables. This contrasts with the large literature of endogenous
information acquisition, where agents choose to utilize a subset of available information, such as in
the rational inattention literature following Sims (2003).

2In dynamic models with endogenous information, global uniqueness is not a general property,
so I can only give a condition for local uniqueness. For example, some asset pricing models with
endogenous information have demonstrable multiplicity, as in Angeletos and Werning (2006), Hell-
wig, Mukherji, and Tsyvinski (2006), or Angeletos, Hellwig, and Pavan (2007). In others such as
Grossman (1976), the equilibrium is unique.

3To my knowledge, the only publication studying such a model without additional assumptions
that reveal the true state is Graham and Wright (2010), who apply the Nimark (2017) higher order
expectations algorithm to a version of the Neoclassical growth model with dispersed information.
Their model features two signals and two shocks, but there are confounding dynamics so that the
aggregate shock is not perfectly invertible from the aggregate signal.
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by the shocks. Signals such as prices and quantities are endogenous, so I solve for
equilibrium with Signal Operator Iteration.

I find that incomplete information amplifies the effects of aggregate investment
cost shocks, so that business cycle volatility is higher than under full information. This
is unusual; typically information frictions attenuate the effects of aggregate shocks.4

What is the mechanism? Under full information, agents respond differently to id-
iosyncratic versus aggregate shocks. When information is incomplete, they cannot
distinguish between the two, so the magnitude of their response falls somewhere in
between the idiosyncratic and aggregate cases. In the macroeconomic models typi-
cally studied, agents would choose to raise output by more in response to aggregate
shocks, so incomplete information attenuates the business cycle.5 But when capital
is introduced to a standard island model of business cycles, I show that agents’ in-
vestment is more responsive to idiosyncratic than aggregate investment cost shocks.
Thus when they cannot perfectly distinguish between these shocks, output responds
more than under full information.

The literature has employed several methods to solve dynamic models with en-
dogenous information, but these methods are limited to special cases, and have not
been successfully applied to models that also feature endogenous state variables.6

For example, Kasa (2000), Acharya (2013), and Rondina and Walker (2015) use
Blaschke root flipping to find the Wold representation of the information process.
This method requires that there are the same number of shocks as signals; otherwise
finding the Wold representation is more difficult. An alternative approach is to as-
sume that shocks become common knowledge after some fixed number of periods, as
in the monetary model of Hellwig and Venkateswaran (2009), the capital misalloca-
tion model of David, Hopenhayn, and Venkateswaran (2016), or originally in Lucas
(1972).7 Huo and Takayama (2016) use a finite ARMA to approximate the solution
to a version of Angeletos and La’O (2009b) with endogenous information and with-
out endogenous states. They demonstrate that the true solution to the model has

4Attenuation was an early achievement of the literature, as it gave an explanation for slow-
moving, hump-shaped impulse response functions estimated by vector autoregressions. Famously,
Woodford (2003) introduced incomplete information into a simple monetary model and delivered
hump-shaped impulse responses resembling VAR estimates. Adding price stickiness, Nimark (2008)
and Angeletos and La’O (2009a) came to similar conclusions. Angeletos and Lian (2016) survey this
literature.

5In Woodford (2003), the aggregate shock is nominal GDP, while the idiosyncratic shock is pure
noise. In Angeletos and La’O (2013), the shocks are aggregate and idiosyncratic productivity, and
there is strategic complementarity between output of different firms.

6A large literature has developed the solution methods for dispersed information models more
generally, following the seminal work of Townsend (1983). Huo and Takayama (2016) review this
literature.

7The assumption that fundamental shocks become common knowledge after N periods is not in
general a close approximation to the case where shocks are never revealed, even for N large. This
is because when there are more shocks than signals, the uncertainty about shocks that occurred
arbitrarily far in the past need not go to zero in the limit.
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no finite ARMA representation.8 Finally, the methodology developed in this paper
is already informing further advances; Han, Tan, and Wu (2022) improve upon the
methodology by approximating the signal with a finite ARMA at each iteration in
the algorithm, which speeds convergence.

In closely related work, Nimark (2017) uses a similar iterative algorithm to cal-
culate higher order expectations in a general asset pricing model with endogenous
information. My results are complementary to Nimark’s in two primary respects.
First, the Nimark algorithm is useful for solving asset pricing models characterized
by a forward-looking Euler equation, but cannot be directly applied to macroeco-
nomic models with backward-looking state variables.9 My approach allows for such
state variables. Second, the Nimark algorithm is able to characterize the dynamics
of higher order expectations concurrent to solving the model, which are inherently
valuable; my algorithm simply solves for the equilibrium expectations.

This paper contributes to a growing literature examining how incomplete informa-
tion can amplify real shocks.10 Among rational expectations macroeconomic models,
examples are few.11 The most closely related is Angeletos and Lian (2020), who study
an island model with demand and productivity shocks, where consumption is more re-
sponsive to idiosyncratic than aggregate discount factor shocks. The mechanism is the
same as the one I study: dynamic savings decisions are strategic substitutes. Other
papers use different channels than the savings/consumption decision. Venkateswaran
(2014) studies a search and matching model where firms’ hiring is more responsive
to idiosyncratic than aggregate productivity shocks. Chahrour and Gaballo (2020)
study a beauty contest model of local housing markets where shoppers need to fore-
cast the forecasts of others; in an extension they show that arbitrarily small aggregate
productivity shocks can generate large consumption volatility under incomplete in-
formation.

The strategy for the remainder of the paper is outlined as follows. In Section 2 I
define a general linear rational expectations model with incomplete information, and I
derive agents’ optimal policy function in terms of the signals they observe. In Section

8Makarov and Rytchkov (2012) come to the same conclusion in an asset pricing setting. Other
simplifying assumptions that are used to make asset pricing models with endogenous information
tractable include: having uninformed traders (e.g. Townsend (1983) or Wang (1993)) or by assuming
a “day of reckoning” structure with a constant payoff (e.g. Back, Cao, and Willard (2000) or Amador
and Weill (2012)).

9Nimark (2008) and Melosi (2016) use this algorithm to solve New Keynesian models with en-
dogenous information but without endogenous state variables. It is applied to empirical asset pricing
models with endogenous information in Barillas and Nimark (2017), Barillas and Nimark (2018),
and Struby (2018).

10A longer literature following Lucas (1972) studies volatility arising from nominal, extrinsic, or
other shocks that would have no effect if agents had full information.

11Within the macroeconomics literature, there are more examples where the rational expectations
assumption is relaxed, such as Greenwood and Hanson (2015) and Gabaix (2020). And outside of
a macroeconomic setting, the finance literature contains many further examples, especially without
rational expectations.
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3 I define the algorithm to solve for the equilibrium signal process, introduce the
regularity condition, prove the existence theorem, and characterize stable equilibria.
Section 4 contains the application, characterizes equilibrium dynamics, and studies
amplification. Section 5 concludes.

2 The General Macroeconomic Model

In this section I describe a general macroeconomic model with incomplete information.
I describe the macroeconomic structure, derive agents’ optimal policy function, and
characterize how the endogenous signal process is determined.

Consider a stationary linear macroeconomic model of the following form.12 The
equilibrium conditions for agent i at time t are:

0 = Ei,t[BX0Xi,t +BX1Xi,t+1 +BZ0Zi,t +BZ1Zi,t+1] (1)

Xi,t is an n×1 vector of endogenous variables. n = nC+nS where nC is the number of
control variables which are chosen at time t, while nS is the number of state variables
which are chosen at time t − 1. Assume that Xi,t is ordered so that the control
variables appear first. The mZ × 1 vector Zi,t contains exogenous variables such as
economic shocks and signals. Additionally, Zi,t may include variables that agent i
takes as exogenous, but are endogenous in equilibrium, such as an economy-wide
interest rate or price level.

The matrices {BX0, BX1, BZ0, BZ1} contain coefficients encoding the n equilibrium
conditions of the model. The expectations operator Ei,t applies to the information
set of agent i at time t.

2.1 The Policy Function

I will derive agents’ optimal choices as a policy function where the input is their
information set.

A linear solution to the model is policy that expresses Xi,t as a function of variables
Zi,t−k for k ≥ 0 such that (1) holds with equality for all t. This is not necessarily
a recursive policy function; it may depend on the entire history of Zi,k. Specifically,
define policy functions to be linear in the history of white noise innovations Wi,t

implied by the Wold decomposition of Zi,t. Let Z(L) be the Wold representation
expressed as a polynomial in the lag operator L. Then Zi,t is given by

Zi,t = Z(L)Wi,t ≡
j=∞∑
j=0

ZjL
jWi,t (2)

12This general form encompasses a broad class of DSGE models, and is solved without information
frictions in Uhlig (1995), among many others.
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The policy function can be expressed as a polynomial in the lag operator:

Xi,t = X(L)Wi,t ≡
j=∞∑
j=0

XjL
jWi,t (3)

Expressing policy functions in terms of information is convenient because forecast-
ing is straightforward: Ei,t[Wi,t+k] = 0 for all k > 0.13 Frequently the policy function
is expressed in term of the history of signals, and this form is easily recovered because
the Wold decomposition is invertible:

Xi,t = X(L)Wi,t = X(L)Z(L)−1Zi,t (4)

where {Xj}∞j=0 are n × mZ matrices. When expressed in terms of the innovations
Wi,t, the equilibrium condition (1) becomes

0 = [BX0X(L)Wi,t +BX1L
−1X(L)Wi,t +BZ0Z(L)Wi,t +BZ1L

−1Z(L)Wi,t]+ (5)

where [·]+ is the annihilation operator, which annihilates negative powers of L. Equa-
tion (5) follows from (1) because forecasting is linear, which I assume for tractability
and is consistent with how the DGSE literature handles expectations in linearized
models.

The equilibrium policy function can be expressed as a linear function of the Wold
decomposition. Before deriving the formula, some notation must be defined. Let
ΛC denote a diagonal matrix of the eigenvalues of −B−1

X1BX0 that are outside the
complex unit circle, and let ΛS denote a diagonal matrix of eigenvalues that are
inside the complex unit circle. Let Q denote a matrix of eigenvectors of −B−1

X1BX0

ordered so that

−B−1
X1BX0 = Q

(
ΛC 0
0 ΛS

)
Q−1 (6)

and partition the Q−1 matrix into blocks:

Q−1 =

(
RCC RCS

RSC RSS

)
(7)

where RCC is nC × nC , RSC is nS × nC and so forth. Q−1 is partitioned in this way
because Xi,t is ordered so that the control variables appear in the first nC entries.

13This is the Wiener-Kolmogorov prediction formula. See Hansen and Sargent (1981) for a de-
scription in the context of rational expectations models. The Wiener filter in this case is used for
characterizing expectations in lieu of the Kalman filter is which more common in the literature;
the Kalman filter is less convenient in this situation because time is infinite, and when endogenous
information is introduced, the state space becomes infinite as well.
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Define the matrices Ξk, and Θk by

Ξk ≡


Q

(
−Λk−1

C 0

0 0

)
Q−1 k ≤ 0

Q

(
0 0

−Λk−1
S RSCR

−1
CC Λk−1

S

)
Q−1 k > 0

(8)

Θk ≡



0 k < 0

Q

(
I 0

RSCR
−1
CC I

)
Q−1 k = 0

Q

(
0 0(

Λk
SRSCR

−1
CC − Λk−1

S RSCR
−1
CCΛC

)
0

)
Q−1 k > 0

(9)

and lastly define the polynomials Ξ(L) and Θ(L) by

Ξ(L) ≡
∞∑

k=−∞

ΞkL
k Θ(L) ≡

∞∑
k=−∞

ΘkL
k (10)

Theorem 1 If BX1 is invertible and if −B−1
X1BX0 has nC eigenvalues outside the

unit circle, and nS nonzero eigenvalues inside the unit circle, then the unique policy
function is given by

X(L) = −Θ(L)
[
Ξ(L)

[
B−1
X1

(
BZ1L

−1 +BZ0

)
Z(L)

]
+

]
+

Proof: See Appendix A.1.
The purpose of Theorem 1 is to express the policy function in a way that can

be easily applied to the endogenous information case in Section 2.2. The require-
ment that −B−1

X1BX0 has nC eigenvalues outside the unit circle is not novel; it is the
Blanchard and Kahn (1980) condition that there must be as many unstable eigenval-
ues as there are contemporaneous jump variables for the equilibrium to be uniquely
determined. This condition prevents application of the Nimark (2017) solution algo-
rithm when the model includes endogenous state variables. The Nimark condition
requires that the matrix norm of (−B−1

X1BX0)−1 is less than one.14 (−B−1
X1BX0)−1 has

nS eigenvalues outside the unit circle, and the norm of a matrix is weakly greater
than the largest absolute eigenvalue, so if there are endogenous state variables then
the Nimark algorithm cannot be directly applied.

This method of finding the policy function is entirely linear, which is useful in
order to prove equilibrium existence in Section 3.4. Adding and multiplying lag op-
erator polynomials are linear operations, as is applying the annihilation operator

14(−B−1
X1BX0)−1 is equivalent to Λ in Nimark (2017) Section 6.
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(although it is not generally commutative with multiplication, which creates chal-
lenges when proving the main results). Other approaches to solving linear models,
such as the method of undetermined coefficients, require inverting a matrix, which
makes demonstrating a contraction more challenging. In addition, this method has
computational advantages. When information is endogenous, the relevant state space
becomes large and the policy function must be calculated for many different informa-
tion processes, so it is preferable to avoid inverting a large matrix to find the policy
function at every iteration.

2.2 Endogenous Information

This section details how the information process is formed, how it depends on en-
dogenous decisions, and the information consistency condition that it must satisfy in
equilibrium.

In this section, I assume that the conditions for Theorem 1 are satisfied, so that
given an information process, agents have a unique policy function.

2.2.1 Endogenous Information Formation

When information is endogenous, the signals Zi,t are jointly determined in equilibrium
with the rest of the model. For Zi,t to be endogenous, the model requires an additional
equilibrium condition. This condition is informational consistency : that the signal
dynamics are consistent with the dynamics of the other endogenous variables. I
proceed by outlining a general framework for how endogenous information is formed,
characterize it in terms of lag operator polynomials, and then define the informational
consistency condition.

Suppose the signals Zi,t observed by agent i are a sum of exogenous signals SX,i,t
and endogenous signals SN,i,t:

Zi,t = SX,i,t + SN,i,t (11)

where all of these signals are mZ × 1 vectors. These signals can be expressed as
lag polynomials times the white noise process of fundamental exogenous shocks, εi,t,
which has dimensionality mε ≥ mZ with positive definite variance matrix Σε:

SX,i,t = SX(L)εi,t SN,i,t = SN(L)εi,t (12)

The causal square-summable polynomial SX(L) is a primitive of the model. But the
polynomial SN(L) depends on equilibrium behavior and aggregation. Define the sum
of the two polynomials as

Zi,t = S(L)εi,t ≡ SX(L)εi,t + SN(L)εi,t (13)

Endogenous signals are determined by macroeconomic aggregates. This assumes
that the actions of atomistic agent i do not affect the information of any agent be-
yond their effect on the aggregate economy. The square-summable polynomial A(L)
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codifies exactly how aggregate variables affect the endogenous signal. For example,
it may include aggregate resource constraints or adding up constraints, asset pricing
equations, sectoral demand, or other conditions relating aggregate allocations to id-
iosyncratic prices observed by the decision makers. A(L) is a primitive of the model,
and generates signals by

SN,i,t = A(L)Xt (14)

The right hand side of (14) includes no idiosyncratic terms, so SN,i,t is the same for
all agents; it is determined only by macroeconomic aggregates Xt.

2.2.2 The Wold Representation

Before describing aggregation, it is necessary to characterize how white noise innova-
tions Wi,t are determined by the fundamental shocks εi,t.

The signal Zi,t is equivalent to two polynomials: S(L)εi,t is a lag polynomial of
fundamental shocks, while Z(L)Wi,t is a lag polynomial of white noise innovations.
The Wold representation Z(L)Wi,t is invertible, which implies that the white noise
innovations can be written as

Wi,t = Z(L)−1S(L)εi,t

which has a variance matrix denoted by ΣW .
How can Z(L)−1 be calculated? The innovation polynomial Z(L) and the signal

polynomial S(L) both produce the same series of Zi,t, so they must have the same
autocovariance function. Let the mZ ×mZ matrix Γj denote the jth autocovariance
of the signal Zi,t. The fundamental shock εi,t is a white noise process with variance
Σε, so Γj satisfies

Γj =
∞∑
k=0

SkΣεS
′
k−j (15)

The innovation polynomial Z(L) is the Wold decomposition of the signal polynomial
S(L), so its inverse Z(L)−1 solves the Yule-Walker Equations:

Γ0 Γ1 Γ2 ...
Γ1 Γ0 Γ1 ...
Γ2 Γ1 Γ0 ...
...

...
...

. . .



−(Z−1)′1
−(Z−1)′2
−(Z−1)′3

...

 =


Γ1

Γ2

Γ3

...

 (16)

where the polynomial Z(L) is normalized so that Z0 = I.

2.2.3 Aggregation

Aggregate variables affect the endogenous signal, so I must characterize how shocks
aggregate, and how aggregated shocks determine aggregate allocations.
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The shock εi,t contains both aggregate and idiosyncratic dimensions. Suppose
there is a unit measure λ of agents i in the set I. Assume the idiosyncratic dimensions
are mean zero in the population. Then the average signal Zt ≡

∫
I Zi,tdλ(i) satisfies

Zt =

∫
I
S(L)εi,tdλ(i)

because S(L)εi,t is linear in the sequence of shocks. Similarly, the aggregate endoge-
nous vector Xt ≡

∫
I Xi,tdλ(i) satisfies

Xt =

∫
I
X(L)Wi,tdλ(i) =

∫
I
X(L)Z(L)−1S(L)εi,tdλ(i)

= X(L)Z(L)−1S(L)

∫
I
εi,tdλ(i) (17)

Finally, let the projection matrix PG denote the diagonal matrix with ones in dimen-
sions corresponding to aggregate shocks and zeros elsewhere, so that∫

I
εi,tdλ(i) = PGεi,t ∀i ∈ I (18)

2.2.4 Informational Consistency

The lag polynomial SN(L) is determined by combining equations (14), (17), and (18):

SN(L)εi,t = [A(L)X(L)Z(L)−1S(L)PGεi,t]+ (19)

combining equations (13) and (19) provides the informational consistency condition:

S(L)εi,t = SX(L)εi,t + [A(L)X(L)Z(L)−1S(L)PGεi,t]+ (20)

Equation (20) states that the dynamics of the signal process S(L) must be consistent
with the dynamics it implies for the endogenous variables X(L)Z(L)−1S(L).

Why are there no higher order expectations in the informational consistency con-
dition? In many models,15 agents must forecast the forecasts of others, which them-
selves depend on forecasts of forecasts, and so on, leading to a hierarchy of higher or-
der expectations. Explicitly finding this hierarchy is challenging, but fortunately not
necessary in general to solve for rational expectations equilibria. Instead, it sufficient
to require that all agents make their best possible forecasts given their information
sets. The informational consistency condition does exactly this. This insight has
been understood since at least Townsend (1983), and Huo and Pedroni (2020) solve
for expectations in a general class of beauty contest models using this approach.

15e.g. the beauty contests in Keynes (1936), or more recently in papers such as Morris and Shin
(2002), Woodford (2003), Allen, Morris, and Shin (2006), Makarov and Rytchkov (2012), or Nimark
(2017).
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3 Solution Method

In this section I introduce my algorithm Signal Operator Iteration for solving the
general model of Section 2. I define the Information Feedback Regularity condition,
and show that it guarantees an equilibrium exists. Then I prove that the regularity
condition is necessary for stable equilibria, which are locally unique.

3.1 Signal Operator Iteration

The algorithm is straightforward to describe informally. Begin by guessing a signal
process Sn(L). Then, find the policy function Xn(L) implied by the signal process by
calculating the Wold decomposition and applying the solution method from Section
2. Next, use the assumed relationship between endogenous variables and endogenous
information that is encoded in A(L) to calculate the implied signal process Sn+1(L).
Repeat until the signal process converges.

In practice, this algorithm can quickly become uncomputable: the signal is high
dimensional, and the dimension may increase with every iteration of the algorithm.
This is an unavoidable challenge, because the true equilibrium may be infinite-
dimensional.16 Therefore an additional step is necessary to ensure the algorithm
remains computable. A standard approach is known as the “finite section method”
(Böttcher and Silbermann, 2012), which truncates a signal process after some fixed
number of lags. I refer to this truncation length as the “order” of the algorithm, and
the operator Pτ represents truncation after lag τ . Fortunately, even though the true
equilibrium may be of infinite order, it can be approximated arbitrarily well with the
finite section method; Theorem 5 formalizes this property.

Appendix C details how to compute this algorithm in practice. Formally, the
algorithm is:

Algorithm 2 (Signal Operator Iteration) Conjecture a square-summable causal
lag polynomial S0(L). Then proceed with iteration n = 0 as follows:

1. Find the autocovariance function Γn(L) implied by Sn(L) using equation (15).

2. Use Γn(L) to solve the Yule-Walker equations (16) for Zn(L).

3. Given the Wold representation Zn(L), generate the polynomial Z̃n(L) in equa-
tion (50).

4. Calculate the policy function Xn(L) from Z̃n(L) by Theorem 1.

5. Calculate the endogenous signal SnN(L) Xn(L) and Zn(L)−1 by equation (19):

SnN(L) = [A(L)Xn(L)(Zn)−1(L)Sn(L)PG]+
16See Sargent (1991), Makarov and Rytchkov (2012), or Huo and Takayama (2016) among others.
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6. Calculate the next signal polynomial Sn+1(L) by combining signals using equa-
tion (13) and truncating to order τ :

Sn+1(L) = (SX(L) + SnN(L))Pτ (21)

7. If ||Sn+1 − Sn|| is sufficiently close to zero, conclude that S(L) = Sn+1(L).
Otherwise return to Step 1 with guess Sn+1.

A fixed point from Signal Operator Iteration is an equilibrium of the macroeco-
nomic model. In the following sections, I prove several results describing such a fixed
point. In Section 3.3, Theorem 4 proves that at least one fixed point exists when a reg-
ularity condition is satisfied, while Theorem 5 gives a condition for the uncomputable
infinite-order solution to exist. In Section 3.4, Theorem 7 proves that regularity is
necessary for stable equilibria, and Theorem 8 proves that stable equilibria are locally
unique.

3.2 Operator Representation of Signals

In order to characterize fixed points, it is useful to treat signal processes as bounded
linear operators on a Hilbert space. This is unusual in economics, but necessary in
this setting where signals may be represented as infinite-dimensional vectors. Working
with operators brings some additional notation, but the mathematics are familiar: the
bounded linear operators are simply infinite-dimensional matrices.

Specifically, an arbitrary n×m square summable lag polynomial Y (L) =
∑∞

j=−∞ YjL
j

is a bounded linear operator on an infinite sequence of shocks. The random shock
process εi,t is represented as a set of basis vectors for `2, the Hilbert space of square-
summable infinite vectors.17 Because the shock process is i.i.d., Y (L) is a block
Toeplitz operator, which is the infinite analog to a block Toeplitz matrix. For nota-
tion, let Y denote the Toeplitz operator of the polynomial Y (L), which maps `2 → `2.
Y has n × m blocks, so Y maps m × 1 shocks to n × 1 signals. For the arbitrary
operator Y , the matrix form is:

Y0 Y−1 Y−2 Y−3 ...
Y1 Y0 Y−1 Y−2 ...
Y2 Y1 Y0 Y−1 ...
Y3 Y2 Y1 Y0 ...
...

...
...

...
. . .


17Economists are typically familiar with representing random variables in the function space L2,

but this paper employs machinery from the signal processing field, which frequently represents dis-
crete time series in the vector space `2. The two spaces are both Hilbert spaces and thus isomorphic
if they have the same cardinality; Appendix D makes this mapping explicit.
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The product of two operators is the product of the Toeplitz matrices, the inverse Y −1

of the operator is the inverse of the Toeplitz matrix, and so forth.18 The lag operator
L is the Toeplitz matrix with identity matrices along the first block diagonal below
the main block diagonal. When Y (L) is causal, so that it has Yj = 0 for all j < 0,
the operator Y is lower block triangular.

When Y (L) is a constant matrix so that Yj = 0 for all j 6= 0, then the operator
Y is block diagonal with Y0 along the main block diagonal. To ease notation, I let
the matrix Y0 also denote its corresponding block diagonal operator, so that I do not
have to define a new operator for every matrix that is added to or multiplied by a lag
polynomial. The Signal Operator Iteration algorithm is a nonlinear operator, acting
on the Banach space of Toeplitz operators.

Define the nonlinear operator Bτ as applying steps 1-6 of Algorithm 2 with order
τ , so that guesses of the signal operator Sn and Sn+1 are related by

Sn+1 = BτSn

=
(
SX + AXn(Zn)−1SnPG

)
Pτ

B maps SmZ ,mε → SmZ ,mε .19 SmZ ,mε denotes the set of causal block mZ × mε

Toepliz operators that map mε-dimensional random shocks to mZ-dimensional sig-
nals. SmZ ,mε is a Banach space, and the distance metric on this space is the norm
|| · ||S.20

A fixed point of Bτ is a solution of order τ to the macroeconomic model, satisfying
equation (20) for signal blocks up to lag τ :

S = BτS (22)

= SXPτ + AXZ−1SPGPτ

3.3 The Regularity Condition and Existence Theorems

Will the Signal Operator Iteration Algorithm be well behaved? Does a solution exist?
Can it be stable?

These questions are answered by evaluating whether the model satisfies a regu-
larity condition: Information Feedback Regularity. The condition characterizes the
potential size of the information feedback in the model. If the feedback is small from
signals to decisions to signals, then the algorithm will converge to an equilibrium.
The condition is given by:

Condition 3 A model satisfies Information Feedback Regularity if and only if

||AΘΞB−1
X1(L−1BZ1 +BZ0)|| < 1

18For this and other useful properties of operators on `2, see Conway (2007), or Frazho and Bhosri
(2010) for Toeplitz operators in particular.

19Lemma 19 proves this self-map.
20Appendix A.2 defines this space and norm formally.
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|| · || here denotes the operator norm, which measures by how much the operator can
increase the variance of any signal process. Accordingly, Condition 3 says that this
operator must decrease the variance of a signal. Because the operator maps `2 to
`2, the operator norm is the largest singular value, which is analagous to the matrix
norm in finite dimensions, and can be easily computed.

The expression AΘΞB−1
X1(L−1BZ1 + BZ0) is a non-causal Toeplitz operator that

depends entirely on the primitives of the model in question. It can be evaluated
without solving the model, and depends on fundamental parameters. The operator
has two components that make up the feedback mechanism. The first component
A determines how aggregate actions affect individuals’ signals; when entries in A
are large, small changes in actions have large effects on the information process.
The second component ΘΞB−1

X1(L−1BZ1 +BZ0) determines how information maps to
actions via the policy function (Theorem 1); when this operator is large, small changes
in the information agents observe have large effects on their actions. Condition 3 may
be violated if either of these terms is too large. For example, if the feedback from
information to actions to information is via an inelastic channel (such as capital in
the Section 4 application) the feedback may be small so that the condition is satisfied.
However, if the feedback is via a very elastic channel so that the regularity condition
is not satisfied, several problems occur: an equilibrium may not exist (Theorem 4),
and if it does it will not be stable (Theorem 7), and may not be solvable (Corollary
9).

The first consequence of Information Feedback Regularity is that it ensures that
the model has an equilibrium:

Theorem 4 (Existence) If a model satisfies Condition 3, then there exists a fixed
point Ŝτ such that

Bτ (Ŝτ ) = Ŝτ

for any algorithm order τ ∈ N.

Proof: Appendix A.3.1
The proof is similar in spirit to the Arrow and Debreu (1954) proof of equilibrium

existence. When a model satisfies the regularity condition, Signal Operator Iteration
continuously maps a finite set of signals to itself, and application of a standard fixed
point theorem proves an equilibrium must exist.

Theorem 4 says that Information Feedback Regularity implies a model has a finite
solution Ŝτ , i.e. a fixed point of Bτ for any order τ . This solution is a finite truncation,
which is sufficient for all practical purposes because an infinite dimensional object is
never computable. Still, it may be valuable to know whether the model has a solution
without truncation, and whether the finite solution is a good approximation to the
infinite case. Theorem 5 affirms this to be true.

The infinite-order solution is the fixed point to the infinite-order Signal Operator
Iteration, which removes the truncation in Step (6) of Algorithm 2. Denote this
infinite-order algorithm by B∞ ≡ B, and let the relevant truncation projection in

14



the operator form of the algorithm (22) be given by P∞ = I. Theorem 5 proves
that if finite solutions converge, the limiting signal process is the solution to the
infinite-order algorithm. This is because the finite-order algorithm can approximate
the uncomputable infinite-order algorithm arbitrarily well (Lemma 13).

Theorem 5 If Sτ is a sequence of solutions satisfying Bτ (Sτ ) = Sτ and limτ→∞ Sτ =
Ŝ, then Ŝ is a fixed point of the infinite-order algorithm, i.e. B(Ŝ) = Ŝ

Proof: Appendix A.3.2
What is the practical implication of Theorem 5? If the model has a solution for

large τ , and further increases to τ make little difference to the numerical solution,
then the infinite-order solution must exist, and can be approximated arbitrarily well.

3.4 Equilibrium Stability and Uniqueness

In this section I study stable equilibria and local uniqueness. I show Information
Feedback Regularity is necessary for stable equilibria to exist. Results in this section
are independent of whether the algorithm order is finite or infinite, so to ease notation
I refer exclusively to the infinite-order algorithm B.

3.4.1 Stability

Any equilibrium signal process S is a fixed point satisfying S = BS. In general, the
set of possible equilibria is difficult to characterize because B is nonlinear. However,
it is possible to characterize a refined set of equilibria with an important property:
stability.

Definition 6 A fixed point signal satisfying S = BS is called stable if there exists
some neighborhood of S such that for any S∆ in the neighborhood, ||B(S∆)−B(S)||S <
||S∆ − S||S. Otherwise, S is called unstable.

What characterizes a stable equilibrium? If you perturb the signal process, the
change in forecasts will not be so large that the implied endogenous signal changes
by more than the perturbation. Unstable equilibria are typically cases where small
perturbations are explosive, but also the edge cases, where small perturbations of
input signals imply an equal perturbation of output signals.

Why are stable equilibria interesting? They are robust to small perturbations.
In models with endogenous signals, the endogenous component depends on the equi-
librium signal itself. If an equilibrium is stable, this self-referential feedback is well
behaved. If an equilibrium is unstable, this feedback is explosive, so that small pertur-
bations in the signal process can produce ever larger perturbations in the endogenous
component, diverging away from the equilibrium. As a practical matter, unstable
equilibria cannot necessarily be found by iterative methods. As a conceptual matter,
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the explosive sensitivity could make unstable equilibria unlikely to be observed in
the real world, where modeling error or other perturbations appear.21 Still, unstable
equilibria are valid model solutions and I can neither rule them out nor character-
ize them in general, beyond the guarantee that some equilibrium must exist when
Information Feedback Regularity is satisfied.

Stability is more powerful property than solvability. If a model is solvable by
iterative methods it is not necessarily stable, and stability guarantees local uniqueness
(Theorem 8) while solvability does not. Applying Signal Operator Iteration or another
algorithm to solve a model does not guarantee that the solution is well behaved, even if
the algorithm converges: it is possible to converge in some region around a fixed point,
but diverge in another. For example, a saddle point features this property, where the
saddle path will converge to the point, but every other point in any neighborhood
around the solution will diverge. Or it is possible to have a path that converges to an
continuous connected region of valid fixed points, such that iterative algorithms will
converge to points on the boundary, which are surrounded by other valid solutions.
The possibility of such solutions is compounded by the infinite dimensional nature of
the space, where any particular dimension might be one in which perturbations lead
to divergence or alternative fixed points. Stability rules out such possibilities.

The method to check if a fixed point Ŝ is stable is by evaluating the norm of
the Fréchet derivative DB(Ŝ) at that point. This follows directly from the definition
of stability: the Fréchet derivative is the operator-valued derivative of B, so the
norm ||DB(Ŝ)|| is the size of the greatest marginal deviation of B around Ŝ. This is
analogous to evaluating the stability of the fixed point x of a scalar-valued function
f by calculating f ′(x). Theorem 17 gives the exact expression for ||DB(Ŝ)||.

3.4.2 Stability and the Regularity Condition

Information Feedback Regularity determines if a model’s feedback from information
to actions to information can be explosive. So it is intuitive that stability should
depend in some way on the regularity condition. Theorem 7 states that regularity is
a necessary condition for stability when have a typical feature: if an equilibrium signal
process must include an aggregate signal. This is common in macroeconomic models
with information frictions; agents observe something about the aggregate economy
even though they do not observe everything about it.22

21When considering stable or unstable equilibria of dynamic systems, economists may be reminded
of the neoclassical growth model, where the equilibrium is a saddle path. Economists must be careful
not to conclude that unstable equilibria are robust in other models: transversality and resource
constraints rule out any explosive paths in the neighborhood of the neoclassical growth equilibrium,
but this is not the case in general. In this paper, there are no general assumptions to rule out
a perturbation that could put the endogenous signal process on an explosive path away from an
unstable equilibrium towards a stable one.

22This implies that in the model, at least one non-zero row of the feedback operator A(L) must
correspond to a row of the exogenous signal process SX(L) that includes no idiosyncratic shocks.
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Theorem 7 If all fixed points contain aggregate signals, then Information Feedback
Regularity 3 is a necessary condition for stable fixed points to exist.

Proof: Appendix A.5
Does a stable equilibrium exist? It is difficult to tell a priori because the norm of

the Fréchet derivative is generally unbounded on SmZ ,mε , due to the signal inverses
that appear in Theorem 17. Indeed, this is why uniqueness cannot be guaranteed
in some otherwise well-behaved full information models once information endogene-
ity is considered (Adams, 2021). Still, even if stability is impossible to guarantee,
Information Feedback Regularity is a necessary condition.

3.4.3 Local Uniqueness

One valuable property of stable fixed points is that the operator B is a contraction
near any fixed point. This implies that a fixed point is locally unique. Additionally,
repeatedly applying the algorithm B to any guess S0 that is sufficiently close to a stable
fixed point will necessarily converge to the fixed point. Theorem 8 and Corollary 9
formalize these properties.

Theorem 8 If Ŝ 6= 0 is a stable fixed point of B, then B is a contraction on a
neighborhood around Ŝ, and Ŝ is a locally unique fixed point.

Proof: Appendix A.5

Corollary 9 If Ŝ is a stable fixed point, then there exists a neighborhood around it
b(Ŝ) such that for any point S0 ∈ b(Ŝ)

lim
k→∞
BkS0 = Ŝ

Proof: Appendix A.5

4 A Dispersed Information Model with Capital

The solution method is applied to a model of dispersed information. The model’s
structure is most similar to Atolia and Chahrour (2020) albeit with the addition
of investment cost shocks and without shock revelation or their IO structure. The
economy is made up of many “islands” which represent local markets. Firms and
households observe prices and quantities on each island, but not the aggregate state
of the economy. They get some information by observing local market conditions, but
there are more shocks than informative signals, so the aggregate state is not revealed.
The shocks that confound information map directly into observable quantities in
the data: idiosyncratic and aggregate productivity shocks, and idiosyncratic and
aggregate investment cost shocks. In equilibrium, aggregate investment cost shocks
generate excess volatility; agents over-invest in response to decreases in investment
costs, because they do not fully anticipate the resulting aggregate boom.

17



4.1 Households

There is a continuum of islands I indexed by i. On each island, there is a unit
measure λ(i) = 1 of identical and infinitely lived households.

The island i representative household’s preferences over current and future con-
sumption are represented by the utility function

Ei,t

[
∞∑
s=0

βs
C1−γ
i,t+s − 1

1− γ

]
(23)

where Ci,t is the household’s consumption in period t, β is their discount factor,
and γ is their coefficient of relative risk aversion. The expectation operator Ei,t is
conditional on the representative household i’s information set Ωi,t.

Households earn two types of income. They inelastically supply one unit of labor
on their island, for which they are paid real wage Wi,t. They also own the capital on
their island, Ki,t, which they rent to firms at rental rate RK,i,t.

Households spend their income on two types of goods. The representative house-
hold purchases consumption Ci,t (the numeraire) at unit price, and investment Ii,t at
stochastic marginal cost Qi,t. Therefore their budget constraint is

Wi,t +RK,i,tKi,t = Ci,t +Qi,tIi,t

Investment is used to construct new capital. A household owning Ki,t capital and
investing Ii,t faces the law of motion:

Ki,t+1 = Ii,t + (1− δ)Ki,t (24)

The household’s problem is to choose sequences of Ci,t, Ii,t and Ki,t+1 to maximize
(23) subject to the budget constraint (4.1) and law of motion (24). The solution to
this problem is characterized by an Euler equation (25):

Qi,t = βEi,t

[(
Ci,t
Ci,t+1

)−γ
(RK,i,t+1 +Qi,t+1(1− δ))

]
(25)

where expectations Ei,t are conditional on representative household i’s information set
Ωi,t. On the left-hand side of the Euler equation (25), Qi,t is Tobin’s Q, the stochastic
marginal cost of an additional unit of capital for firms in market i at time t. On the
right-hand side of (25), households discount the real return on their capital, plus the
marginal value of units of capital they carry over.

4.2 Firms

There are two types of firms in the economy. There are intermediate goods firms that
each operate on an island indexed by i, and there are final goods firms that aggregate
the intermediate goods into final goods in an economy-wide market.
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Final goods firms aggregate specialized goods Yi of type i ∈ I with a CES pro-
duction function:

Yt =

(∫
i∈I

Y
η−1
η

i,t dλ(i)

) η
η−1

(26)

Final goods can be used for consumption or investment. The final goods transform
one-to-one into consumption, the numeraire. Thus final goods also have unit price.
Final goods can also be transformed into island-specific investment goods, albeit
with exogenous stochastic rate of transformation Qi,t. Final goods firms purchase
intermediates at price Pi,t, so their demand for intermediates is given by the CES
demand function

Pi,t = (
Yt
Yi,t

)
1
η (27)

Intermediate goods firms are perfectly competitive and have constant returns.
The representative firm on island i in period t uses specialized capital Ki,t and labor
Li,t with stochastic productivity Ai,t to produce output Yi,t by

Yi,t = Ai,tK
α
i,tL

1−α
i,t (28)

Firms rent capital at rental rate RK,i,t and hire labor at wage Wi,t from the households
on island i in period t. They sell their output at price Pi,t. The representative firm
chooses inputs to maximize their profits, which implies that labor and capital demands
for island i are given by

Pi,tα
Yi,t
Ki,t

= RK,i,t Pi,t(1− α)
Yi,t
Li,t

= Wi,t (29)

4.3 Information

Agents on island i have perfect information about their own island, but not the
macroeconomy. They receive three noisy signals that inform them about economic
aggregates.

The first signal is aggregate output. Agents can see demand for their island’s
goods, from which they infer the aggregate output level Yt by equation (27). Yt is
an endogenous signal; its time series process is not a primitive of the model and is
determined in equilibrium by the choices made by households and firms.

The second signal is productivity. In logs, productivity lnAi,t is the sum of an

aggregate component lnAt and a mean zero idiosyncratic component ln Âi,t satisfying

lnAi,t = lnAt + ln Âi,t (30)

Agents cannot observe aggregate productivity directly, but must make inference based
on their island-specific productivity and aggregate output.
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The third signal is the cost of capital. In logs, the marginal cost lnQi,t is the sum

of an aggregate component lnQt and a mean zero idiosyncratic component ln Q̂i,t

satisfying
lnQi,t = lnQt + ln Q̂i,t (31)

As with productivity, agents cannot observe aggregate costs directly.
An island’s information set Ωi,t includes all of the local endogenous variables on

island i, plus aggregate output Yt, and the information set evolves by

Ωi,t = {Ωi,t−1, Pi,t, Yi,t, Ai,t, Ki,t+1, Ii,t,Wi,t, RK,i,t, Li,t, Hi,t, Pt} (32)

Many of these quantities are redundant in equilibrium.
Each island is affected by four exogenous independent stochastic processes: At,

Âi,t, Qt, and Q̂i,t. However, they receive only three signals that are informative about
these processes: Yt, Ai,t, and Qi,t. With more shocks than signals, the aggregate state
of the economy will not be revealed.

A useful characteristic of the information structure is that signals are endogenous
and their noise is measurable in the data. Households see prices and quantities, which
inform their forecasts. This differs from papers such as Melosi (2016) and Woodford
(2003), where agents observe exogenous noisy signals of aggregate shocks.

4.4 Equilibrium Definition

Given infinite sequences of exogenous variables {At, Âi,t, Qt, Q̂i,t} for all i ∈ I, a com-
petitive equilibrium in this economy consists of infinite sequences of prices, {Pi,t,Wi,t, RK,i,t}
for all i ∈ I; allocations {Ci,t, Ii,t, Ki,t, Li,t, Yi,t, Yt} for all i ∈ I; and information sets
Ωi,t for all i ∈ I such that:

1. Households maximize utility (23), subject to the constraints (4.1) and (24)

2. Intermediate firms choose allocations to maximize profits, satisfying the pro-
duction function (28) and factor demands (29).

3. Final goods firms choose allocations to maximize profits, satisfying the produc-
tion function (26) and input demands (27).

4. Firm productivities are given by (30)

5. Investment costs are given by (31)

6. Information sets evolve by (32)

7. The labor market clears: Li,t = 1 for all i ∈ I
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4.5 Linearization

The model must be put in a linear form that can be solved by Signal Operator
Iteration.

4.5.1 Linear Equilibrium Conditions

First, the equilibrium conditions must be linearized. Let lower case variables denote
log deviations from the deterministic steady state. By combining equations, house-
hold i’s choice variables can be reduced to one control ci,t and one state ki,t. These
quantities are determined by two linear equilibrium conditions expressed in terms
of the log-linearized observable signals: productivity ai,t, investment cost qi,t, and
aggregate output yt.

Log linearizing the household’s Euler equation (25) and substituting in with the
sectoral demand equation and budget constraint yields

qi,t = Ei,t

[
γ(ci,t − ci,t+1) + βR(

1

η
yt+1 +

η − 1

η
ai,t+1 + (

η − 1

η
α− 1)ki,t+1) + β(1− δ)qi,t+1)

]
(33)

where variables with overlines, e.g. Ȳ , denote steady state levels. This linearized
Euler equation is derived explicitly in Appendix B.

The second equilibrium condition for island i is the linearized law of motion for
capital:

ki,t+1 = δ(
Y

I
(
1

η
yt +

η − 1

η
(ai,t + αki,t)−

C

Y
ci,t)− qi,t) + (1− δ)ki,t (34)

With these two linear equations, the model can be expressed in matrix form,
corresponding to equation (1). The endogenous vector Xi,t and the exogenous vector
(from the perspective of island i) Zi,t are given by

Xi,t =

(
ci,t
ki,t

)
Zi,t =

 ai,t
qi,t
yt

 (35)

while the coefficient matrices encoding equations (33) and (34) are given by

BX0 =

(
γ 0

−δ C̄
Ī

δ Y
I

η−1
η
α + (1− δ)

)
(36)

BX1 =

(
−γ βR(η−1

η
α− 1)

0 −1

)
(37)

BZ0 =

(
0 −1 0

δ Y
I

η−1
η
α −δ Y

I
δ Y
I

1
η

)
BZ1 =

(
βR η−1

η
β(1− δ) βR 1

η

0 0 0

)
(38)
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4.5.2 Linear Signal Formation

Next, the three observable signals of the aggregate economy (ai,t, qi,t, yt) must be
linearly expressed in terms of the exogenous variables and endogenous aggregates.

By assumption, log-linearized productivity is given by

ai,t = âi,t + at (39)

while log-linear investment cost is given by

qi,t = q̂i,t + qt (40)

Aggregate output is given by

yt = at + αkt (41)

These three linear equations determining the signals are encoded into the lag
polynomials given by the following matrix equation:

Zi,t = SX(L)εi,t + A(L)Xt (42)

where εi,t is the 4 × 1 vector of fundamental innovations to the exogenous variables(
âi,t at q̂i,t qt

)′
, and SX(L) is a 3 × 4 lag polynomial encoding the time series

properties of the exogenous shocks. To produce Zi,t =
(
ai,t qi,t yt

)′
, these poly-

nomials must satisfy Equations (39), (40), and (41):

SX(L)εi,t =

 âi,t + at
q̂i,t + qt
at

 A(L)Xt =

 0
0
αkt

 (43)

This implies that the lag polynomial A(L) =
∑∞

j=0AjL
j is given by

A0 =

 0 0
0 0
0 α

 (44)

with Aj = 0 otherwise.
I model the exogenous variables as AR(1) processes:

âi,t = ρââi,t−1 + εâ,i,t εâ,i,t ∼ N(0, σâ) (45)

at = ρaat−1 + εa,t εa,t ∼ N(0, σa) (46)

q̂i,t = ρq̂ q̂i,t−1 + εq̂,i,t εq̂,i,t ∼ N(0, σq̂) (47)

qt = ρqqt−1 + εq,t εq,t ∼ N(0, σq) (48)

For this autoregressive form, the lag polynomial for the exogenous information
component SX(L) has coefficients given by

SX,j =

 ρjâ ρja 0 0

0 0 ρjâ ρja
0 ρja 0 0

 j ≥ 0 (49)
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4.6 Calibration

The dispersed information model is calibrated to resemble the US economy. Values
for preference and production parameters are chosen, while the time series processes
for fundamental shocks are estimated from industry-level data.

Most of the preference and production parameters are chosen in a standard way.
The model period is one year, matching the time frequency in the industry data.
The discount factor is set to β = 0.95 to target a 5% annual return. The annual
depreciation rate is set to δ = 5%, the US post-war average. The capital share is set
to the common α = .33 to yield a 67% labor share of income.

To estimate the shock process parameters, I run several panel regressions using US
industry-level data. First, I calculate investment costs using the National Income and
Product Accounts industry-level fixed asset tables. To calculate Qi,t I divide the price
deflator for investment by the GDP deflator. Then I average the log values qi,t across
industries to obtain the aggregate terms qt, and calculate the idiosyncratic terms
as the residual by equation (31). Second, I calculate productivities using the TFP
series from the US KLEMS industry-level data (Jorgenson, Ho, and Samuels, 2012).
Again I average log values ai,t across industries to obtain the aggregate terms at and
calculate the idiosyncratic productivities as the residual. For both productivity and
investment costs, I interpret an island i to be an industry; I use the most disaggregated
data available, which is a mix of 2 and 3-digit industries in both data sets. Finally, I
detrend all four series using linear industry-specific trends, and use OLS to estimate
the autoregressive parameters and error variances corresponding to equations (45) -
(48). The estimates are reported in Table 1.

The two parameters γ and η are not well disciplined by micro data. I choose
agnostic values, setting both to 1. Then in Section 4.10 I consider alternative values
for these parameters and study how they affect amplification.

Parameter Interpretation Value Justification
β Discount factor 0.95 5% Annual real return
α Capital share 0.33 67% Labor share
γ Risk aversion 1 Standard value
η Elasticity of substitution 1 Standard value
δ Depreciation factor 0.05 US NIPA
ρâ Persistence of idiosyncratic technology shock 0.89 US KLEMS
ρa Persistence of aggregate technology shock 0.81 US KLEMS
ρq̂ Persistence of idiosyncratic investment cost shock 0.69 US NIPA
ρq Persistence of aggregate investment cost shock 0.88 US NIPA
σâ Standard deviation of idiosyncratic technology shock 0.09 US KLEMS
σa Standard deviation of aggregate technology shock 0.03 US KLEMS
σq̂ Standard deviation of idiosyncratic investment cost shock 0.07 US NIPA
σq Standard deviation of aggregate investment cost shock 0.03 US NIPA

Table 1: Illustrative calibration
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For these parameter values, the information feedback is:

||AΘΞB−1
X1(L−1BZ1 +BZ0)|| = 0.69

Information Feedback Regularity is satisfied, so the model must have an equilibrium.

4.7 Algorithm Convergence

I solve the model with Signal Operator Iteration (Algorithm 2), using the computa-
tional methods detailed in Appendix C.

The equilibrium signal process S is stable, with Fréchet derivative ||DB(S)|| =
0.925 calculated using Theorem 17. Therefore S is a locally unique stable equilibrium
signal per Theorem 8, and Corollary 9 ensures that Signal Operator Iteration will
converge to S for any sufficiently close initial guess.

(a) Investment Cost Shock Component (b) Productivity Shock Component

Figure 1: Endogenous Signal Convergence

The model solves in 6 seconds on a standard desktop computer, with particularly
low error tolerances that can be relaxed if faster computation is necessary. The error
tolerance on the signal update size ||Sn+1 − Sn||S is 10−8, which is achieved after 19
iterations. Figure 1 plots these iterations. Panel (a) is the investment cost shock
component of the endogenous signal, i.e. the impulse response of aggregate output yt
to the shock εqt . Panel (b) is the productivity component. Both figures plot an initial
guess equal to the exogenous component: S0 = SX . The signal converges rapidly.

The numerical approximation length is N = 100, although the signal process
converges close to zero before this limit. The investment cost component of the
endogenous signal (Figure 1 panel (a)) falls below 10−3 in magnitude after 81 periods.
The productivity component of the endogenous signal (Figure 1 panel (b)) falls below
10−3 in magnitude after 41 periods. This 10−3 threshold is a unitless number: the
elasticity of aggregate output to a past shock.
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4.8 Equilibrium Dynamics

(a) Investment Cost Innova-
tion

(b) Demand Innovation (c) Productivity Innovation

Figure 2: Signal Innovation Impulse Responses

Agents observe three noisy signals: their productivity, their investment cost, and
demand (aggregate output). But agents face four independent fundamental shocks, so
these signals cannot be perfectly revealing. Figure 2 plots islands’ impulse responses
to unit innovations in each signal. These graphs demonstrate the responses to agents’
prediction errors of each signal, each of which is a linear combination of current and
past fundamental shocks.

First, a positive investment cost innovation has classical effects (Figure 2, panel
(a)). When investment costs rise, households substitute from investment to consump-
tion. This raises consumption in the short run. Income falls over time because there
is less capital, so eventually consumption falls below the steady state as well.

Second, a positive demand innovation resembles a traditional aggregate productiv-
ity shock (Figure 2, panel (b)). Aggregate output determines demand for an island’s
goods, so when the aggregate economy booms, the price for island’s output is larger,
raising the return on investment and affording more consumption. In the plot, real
output is expressed in the island’s goods, so it does not jump on impact, and only
rises over time as capital increases.

Third, a positive productivity innovation also has standard effects (Figure 2, panel
(c)). Output rises, but because of the Cobb-Douglas calibration (η = 1), higher out-
put is perfectly offset by lower prices for an island’s output, so there is little change
in behavior. The consumption response is not exactly zero because the productiv-
ity innovation contain additional information; productivity helps agents tell what
underlying shocks are driving investment cost and demand innovations.

The feedback from aggregate output to demand distinguishes the effects of aggre-
gate versus idiosyncratic shocks. Figure 3 plots the responses to fundamental shocks,
in contrast to the responses to forecast errors plotted in Figure 2. A productivity
innovation that is driven by an aggregate shock also increases demand, increasing the
effects on output and consumption relative to an idiosyncratic shock (Figure 3, panels
(a) and (b)). Similarly, an investment cost innovation that is driven by an aggregate
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(a) Aggregate Productivity Shock (b) Idiosyncratic Productivity Shock

(c) Aggregate Investment Cost
Shock

(d) Idiosyncratic Investment Cost
Shock

Figure 3: Shock Impulse Responses
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shock magnifies the response of output and consumption, but only in the medium
run (Figure 3, panels (c) and (d)). On impact the response is the same whether the
cost shock is aggregate or idiosyncratic, because agents receive no information that
would allow them to distinguish between the two possibilities until time has passed
and aggregate output has been affected.

4.9 Amplification

The information friction amplifies the aggregate effects of investment cost shocks.
To demonstrate, I compare the model economy to one with the same structure and
parameters, except I allow agents to have perfect information. Figure 4 plots the
responses of consumption and output to a positive aggregate investment cost shock.

Investment cost shocks are amplified by the information friction, increasing the
immediate elasticity of investment with respect to cost shocks by 25%. When the
aggregate investment cost increases, agents substitute away from investment (panel
(a)) towards consumption (panel (b)) in both cases. However, they reduce investment
by less in the full information economy, because they anticipate declining aggregate
income, while agents in the information friction economy think there is some possibil-
ity the shock is purely idiosyncratic and thus have less incentive to save for a future
recession. With less investment, the information friction economy has less capital
(panel (c)) and a deeper recession (panel (d)).

In contrast, there is limited attenuation of an aggregate productivity shock. On
impact, households cannot tell whether the rise aggregate output is driven by pro-
ductivity or investment costs, so they consume more then they would under full
information, in which agents fully anticipate that the productivity shock increases
the return on investment (Figure 5, panel (a)). However, after several periods, agents
consume less than under full information because they have accumulated less capital.
These effects mostly off-set one another, so the total amplification or attenuation of
productivity shocks to consumption is small. Aggregate output is attenuated (panel
(b)) because there is less capital accumulation than under full information, but the
attenuation effect is small because most output volatility is driven by productivity
rather than capital.

In sum, the friction amplifies volatility, increasing the annual consumption vari-
ance by 7%. This is because the information friction increases aggregate consumption
volatility attributed to cost shocks, and barely affects the aggregate consumption
volatility attributed to productivity shocks. Is this amplification result robust? I
explore this question in the next section.

4.10 Parameter Sensitivity

In this section I depart from the baseline calibration to understand how the pa-
rameters affect amplification. The amplification result is generally robust, unless the
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(a) Investment Response (b) Consumption Response

(c) Capital Response (d) Output Response

Figure 4: Amplification of the Aggregate Investment Cost Shock

(a) Consumption Response (b) Output Response

Figure 5: Attenuation of the Aggregate Productivity Shock
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persistence of the idiosyncratic cost shock is sufficiently smaller than for the aggregate
shock.

Figure 6 plots two measures of amplification for each parameter of interest. “Am-
plification: Var(C)” is the total consumption variance under the information fric-
tion, divided by the consumption variance under full information. “Amplification:
I elasticity” is the elasticity of the immediate investment response to an aggregate
investment cost shock, again divided by the same elasticity under full information.
For both measures, values greater than one indicate amplification.

(a) Depreciation Rate (b) Idiosyncratic Cost Persistence

(c) Risk Aversion (d) Elasticity of Substitution

Figure 6: Information Friction Amplification: Parameter Sensitivity

Reducing the depreciation rate δ increases amplification (panel (a)). This demon-
strates how important capital is as a propagation mechanism for the information
friction. When the depreciation rate is small, mistakes made due to the information
friction have persistent effects that last for many periods. As depreciation approaches
one, the limit in which capital disappears as state variable, amplification of consump-
tion volatility is eliminated as well.

Raising the persistence of the idiosyncratic investment cost shock reduces am-
plification (panel b). This persistence is an important parameter, because higher
forecasts of future investment costs increase agents’ expected return on investment
(equation (25)). If idiosyncratic investment costs are more persistent than aggregate
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investment costs, then when aggregate investment costs rise, agents will expect a
higher return on investment than they would under full information. This attenuates
the investment response under incomplete information. When aggregate and idiosyn-
cratic shock persistences are the same, the model still features amplification because
of the general strategic substitutability of investment decision. However, there is a
threshold such that if the idiosyncratic cost shock is sufficiently persistent, then the
information friction will not produce amplification.

Finally, the two arbitrarily chosen parameter values are the coefficient of rela-
tive risk aversion γ (panel (c)) and the island elasticity of substitution η (panel (d)).
The model features amplification regardless of the values of these parameters, but
the degree of amplification changes quantitatively. Raising risk aversion γ increases
amplification, because higher risk aversion raises the consumption smoothing mo-
tive, which is the incentive that leads agents to be more elastic to idiosyncratic than
aggregate cost shocks under full information. Raising substitutability η decreases
amplification, by reducing the aggregate demand feedback of aggregate shocks onto
islands, which in turn reduces the gap between responses to aggregate and idiosyn-
cratic shocks under full information. In the perfect substitution limit, aggregate and
idiosyncratic shocks have the same effects on individual islands, so the incomplete
and full information economies are identical.

5 Conclusion

This paper introduced a new method for solving a general class of macroeconomic
models with endogenous information. I introduced the Information Feedback Regu-
larity condition, which guarantees that an equilibrium exists, and is necessary for an
equilibrium to be stable. Then I showed that stable equilibria are locally unique, and
the solution algorithm must converge to it given a sufficiently close initial guess.

To demonstrate the method, I considered a dispersed information model featuring
both capital and endogenous signals. Including capital, it was natural to study invest-
ment cost shocks, and I discovered that they amplify business cycles when information
is incomplete.

Endogenous information may prove valuable for many applications. Macroeco-
nomic models with information frictions that previously relied on exogenous noise, or
that made approximations to the information structure, can now be solved with fully
endogenous signals. Such models can be used to answer questions that were impossi-
ble when information was exogenous. How can a policymaker influence expectations
by affecting endogenous variables? What is the optimal monetary policy in such an
environment when additional frictions and complexities are introduced? What about
fiscal stabilization or financial regulation? A wide range of policies that affect asset
prices or other endogenous quantities from which agents might draw information can
now be addressed.
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A Proofs

This appendix contains the proofs of Theorems 1, 8, 17 and Corollary 9.

A.1 Deriving the Policy Function

To simplify notation, define the matrices Z̃k by

Z̃k ≡

{
0 k < 0

−B−1
X1(BZ1Zk+1 +BZ0Zk) k ≥ 0

(50)

with associated lag operator polynomial Z̃(L) ≡
∑∞

k=−∞ Z̃kL
k. The remaining ma-

trices in the following proof are defined in Section 2.1.
Proof of Theorem 1. The equilibrium conditions (5) must hold for all realizations
of the shocks, so it’s possible to collect terms, restricting the values of the matrices
{Xj}∞j=0. This implies a recursive equation for j ≥ 1:

0 = BX0Xj +BX1Xj+1 +BZ0Zj +BZ1Zj+1 (51)

Left multiply by B−1
X1, substitute with Z̃j, and rearrange to get

Xj+1 = −B−1
X1BX0Xj + Z̃j (52)

for j ≥ 0. Eigendecompose the matrix −B−1
X1BX0, ordering the eigenvalues as in (6),

and left multiply by Q−1:

Q−1Xj+1 =

(
ΛC 0
0 ΛS

)
Q−1Xj +Q−1Z̃j

The recursive relationship can now be separated into a stable recursive equation and
an unstable recursive equation. Let (Q−1X)C,j and (Q−1Z̃)C,j denote the first nC
rows of Q−1Xj and Q−1Z̃j respectively. Then the unstable recursive equation is

(Q−1X)C,j+1 = ΛC(Q−1X)C,j + (Q−1Z̃)C,j (53)

And where (Q−1X)S,j and (Q−1Z̃)S,j denote the corresponding last nS rows, the stable
recursive equation is

(Q−1X)S,j+1 = ΛS(Q−1X)S,j + (Q−1Z̃)S,j (54)

Because ΛC is diagonal with all values outside the unit circle, the unstable recur-
sive equation (53) allows (Q−1X)C,j to be expressed as the infinite sum

(Q−1X)C,j = −
∞∑
k=0

Λ
−(k+1)
C (Q−1Z̃)C,j+k ∀j ≥ 0 (55)
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Similarly, the stable recursive equation (54) implies the sum

(Q−1X)S,j =

j∑
k=1

Λk−1
S (Q−1Z̃)S,j−k + Λj

S(Q−1X)S,0 ∀j > 0 (56)

Equation (55) determines (Q−1X)C,j for all j ≥ 0, but equation (55) only deter-
mines (Q−1X)S,j for j > 0. Instead, (Q−1X)S,0 is determined by the restriction that
nS state variables are predetermined. To calculate the initial matrix X0, relate it to
the transformed Q−1X0 by(

(Q−1X)C,0
(Q−1X)S,0

)
=

(
RCC RCS

RSC RSS

)(
XC,0

XS,0

)
where XC,0 are the entries corresponding to the control variables (the first nC entries
in X0) and XS,0 correspond to the states. The restriction XS,0 = 0 implies

(Q−1X)C,0 = RCCXC,0

Q−1 is full rank by assumption, so RCC must be full rank, and (Q−1X)S,0 can be
found by

(Q−1X)S,0 = RSCR
−1
CC(Q−1X)C,0 (57)

Equations (55), (56), and (57) are enough to calculate X(L) in terms of Z̃(L) and
XC,0, so it only remains to derive XC,0 in terms of Z̃(L). The recursive equation (53)
implies

(Q−1X)C,j − ΛC(Q−1X)C,j−1 =

{
(Q−1Z̃)C,j−1 j > 0

(Q−1X)C,0 j = 0

Expressing (Q−1X)C(L) and (Q−1Z̃)C(L) as the corresponding lag operator polyno-
mials, this relationship is written as

(Q−1X)C,0 = (I − ΛCL)(Q−1X)C(L)− L(Q−1Z̃)C(L) (58)

Stack equations (55) and (56) and redefine the indices to yield(
(Q−1X)C,j
(Q−1X)S,j

)
=

∞∑
k=−∞

(
−Λk−1

C 1{k ≤ 0} 0
0 Λk−1

S 1{k > 0}

)(
(Q−1Z̃)C,j−k
(Q−1Z̃)S,j−k

)
+

(
0

Λj
S(Q−1X)S,0

)
which holds for all j ≥ 0. Equation (57) allows the final term to be expanded as(

(Q−1X)C,j
(Q−1X)S,j

)
=

∞∑
k=−∞

(
−Λk−1

C 1{k ≤ 0} 0
0 Λk−1

S 1{k > 0}

)(
(Q−1Z̃)C,j−k
(Q−1Z̃)S,j−k

)
+

(
0 0

Λj
SRSCR

−1
CC 0

)(
(Q−1X)C,0

0

)
(59)
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At this point it is useful to switch to lag operator notation. This uses the prop-
erty that the product of lag operators YA(L) = YB(L)YC(L) is equivalent to the
convolution of the matrix coefficients i.e. YA,j =

∑∞
k=−∞ YB,kYC,j−k . It also uses

the property that for any matrix Y with eigenvalues inside the unit circle, the lag
operator

∑∞
k=0 Y

kLk is equivalent to (I − Y L)−1. Accordingly, equation (59) can be
written with lag polynomials as:

Q−1X(L) =

[(
−Λ−1

C (I − Λ−1
C L−1)−1 0

0 L(I − ΛSL)−1

)
Q−1Z̃(L)

]
+

+

(
0 0

(I − ΛSL)−1RSCR
−1
CC 0

)(
(Q−1X)C,0

0

)
The annihilator operator [·]+ appears because equation (59) only holds for j ≥ 0 so
that X(L) is causal. Substituting in for (Q−1X)C,0 with equation (58) yields

Q−1X(L) =

[(
−Λ−1

C (I − Λ−1
C L−1)−1 0

0 L(I − ΛSL)−1

)
Q−1Z̃(L)

+

(
0 0

(I − ΛSL)−1RSCR
−1
CC 0

)(
(I − ΛCL)(Q−1X)C(L)− L(Q−1Z̃)C(L)

0

)]
+

which simplifies to

Q−1X(L) =

[(
−Λ−1

C (I − Λ−1
C L−1)−1 0

−L(I − ΛSL)−1RSCR
−1
CC L(I − ΛSL)−1

)
Q−1Z̃(L)

]
+

+

(
0 0

(I − ΛSL)−1RSCR
−1
CC(I − ΛCL) 0

)
Q−1X(L)

Collecting terms on Q−1X(L) gives(
I 0

−(I − ΛSL)−1RSCR
−1
CC(I − ΛCL) I

)
Q−1X(L) =[(

−Λ−1
C (I − Λ−1

C L−1)−1 0
−L(I − ΛSL)−1RSCR

−1
CC L(I − ΛSL)−1

)
Q−1Z̃(L)

]
+

Inverting

(
I 0

−(I − ΛSL)−1RSCR
−1
CC(I − ΛCL) I

)
and left multiplying by Q yields

X(L) = Q

(
I 0

(I − ΛSL)−1RSCR
−1
CC(I − ΛCL) I

)
Q−1[

Q

(
−Λ−1

C (I − Λ−1
C L−1)−1 0

−L(I − ΛSL)−1RSCR
−1
CC L(I − ΛSL)−1

)
Q−1Z̃(L)

]
+
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Substituting in Θ(L) and Ξ(L) gives

X(L) = Θ(L)[Ξ(L)Z̃(L)]+

and substituting with the definition Z̃(L) = −
[
B−1
X1 (BZ1L

−1 +BZ0)Z(L)
]

+
com-

pletes the proof:

X(L) = −Θ(L)
[
Ξ(L)

[
B−1
X1

(
BZ1L

−1 +BZ0

)
Z(L)

]
+

]
+

A.2 The Signal Space

Lower case variables denote infinite square summable vectors, e.g. yi ∈ `2. Column
vectors yi are indexed by i = 1, ...m; when collected, the m vectors form an ∞×m
block vector y, which is written without a subscript. Upper-case variables denote the
corresponding lower triangular block Toeplitz operator with symbol y, e.g. Y has
block columns {y, Ly, L2y, ...}.

When the blocks are m× n, the lag operator L right-shifts a vector n times. The
operator L−1 is the left-inverse of L, which left-shifts a vector by the length of its
associated block. As usual, Y ∗ denotes the adjoint of Y ; when yi is real (always the
case in this section) y∗i is the vector transposed.

DB(S) denotes the Fréchet derivative of the operator B evaluated at S.
Several norms are used. If a norm is written without subscript, then it is the usual

operator norm or `2 vector norm, where appropriate. An additional “signal norm” is
necessary to introduce because of the block structure of the signal operators:

Definition 10 (Signal Norm) Define the norm ||Y ||S of a block Toepliz operator
Y as ||Y ||S =

∑m
i=1 ||yi||

Let ei denote the ith standard basis column vector; then
∑m

i=1 ||Y ei|| = ||Y ||S. The
signal norm is the sum of norms of the columns that constitute a block column. When
evaluating operators, it is equivalent to the `2 → `∞ operator norm in the non-block
case. When evaluating a vector, it is simply to the vector norm.

Definition 11 (Signal Space) Define SmZ ,mε as the set of mZ × mε lower block
triangular operators with finite || · ||S norm.

SmZ ,mε is the Banach space of causal signal operators, with norm || · ||S as the distance
metric. A property of this space is that it is closed under addition when the blocks
are the same size, and it is closed under multiplication when the block dimensions
agree.
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A.3 Regularity and Existence

This section proves that the Signal Operator Iteration algorithm Bτ has a fixed point.
The strategy is to show that Information Feedback Regularity 3 implies Bτ is a self-
map on a finite-dimensional ball, and then invoke Schauder’s fixed point theorem.
First I prove the result for τ finite, then extend it to the infinite case.

A.3.1 Existence for the Finite-Order Algorithm

Let Bm,n
R,τ denote the τ -dimensional ball of m× n block vectors (i.e. block vectors of

size τm× n)23 with S-norm ≤ R ≡ ||SX ||
1−||AΘΞB−1

X1(BZ1L−1+BZ0)|| .

Lemma 12 If Condition 3 holds, then Bτ maps Bm,n
R,τ → Bm,n

R,τ

Proof. Consider a signal S ∈ Bm,n
R,τ :

||Bτ (S)||S = ||(SX + AXZ−1SPG)Pτ ||S

≤ ||SX + AXZ−1SPG||S
= ||SX + AXWPG||S
≤ ||SX ||S + ||AXWPG||S
≤ ||SX ||S + ||AXW ||S

which uses ||PG||S = 1 because PG is a projection. Next, let CWC
′
W = ΣW denote

the Cholesky decomposition of the variance of white noise innovations. As a result,
(C−1

W W )ᵀ is an isometry, because W ᵀ∗W ᵀ∗ = ΣW , which implies

= ||SX ||S + ||AXCWC−1
W W ||S

= ||SX ||S + ||AXCW ||S
because in this case the isometry is a change of basis that does not affect the norm.

= ||SX ||S + ||AΘ[ΞB−1
X1(BZ1L

−1 +BZ0)Z]+CW ||S

= ||SX ||S + ||AΘΞB−1
X1(BZ1L

−1 +BZ0)CW z||S
where z̃ is the first block column of ZCW

≤ ||SX ||S + ||AΘΞB−1
X1(BZ1L

−1 +BZ0)||||z̃||S

= ||SX ||S + ||AΘΞB−1
X1(BZ1L

−1 +BZ0)||||S||S
23Equivalently, this is a τmn-dimensional set of traditional vectors.
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because ||z̃||S = ||ZCW ||S = ||ZCWC−1
W W ||S = ||S||S. By assumption, ||S||S ≤ R:

||Bτ (S)||S ≤ ||SX ||+ ||AΘΞB−1
X1(BZ1L

−1 +BZ0)||R

= ||SX ||+ ||AΘΞB−1
X1(BZ1L

−1 +BZ0)|| ||SX ||
1− ||AΘΞB−1

X1(BZ1L−1 +BZ0)||

= ||SX ||
(

1 +
||AΘΞB−1

X1(BZ1L
−1 +BZ0)||

1− ||AΘΞB−1
X1(BZ1L−1 +BZ0)||

)
=

||SX ||
1− ||AΘΞB−1

X1(BZ1L−1 +BZ0)||
= R

Thus Bτ maps the ball with radius R to itself.
Lastly, Pτ maps Sm,n to an τ -dimensional subset of m×n block vectors, so Bτ (S) =

B(S)Pτ also maps to an τ -dimensional subset. Thus, Bτ maps the τ -dimensional ball
Bm,n
R,τ of block vectors with radius R to itself.

Proof of Theorem 4. Condition 3 holds, so by Lemma 12, Bτ is a self-map on
Bm,n
R,τ . Bm,n

R,τ is a non-empty compact convex closed subset of the Banach space Sm,n,
and Bτ is continuous, so the Schauder fixed point theorem implies there exists a fixed
point Ŝτ ∈ Bm,n

R,τ such that Ŝτ = Bτ (Ŝτ ).

A.3.2 Existence for the Infinite-Order Algorithm

Towards the proof of Theorem 5, I next prove that the algorithm Bτ approximates B
arbitrarily well for large τ

Lemma 13 Bτ converges to B pointwise, i.e.

lim
τ→∞
Bτ (S) = B(S) ∀S ∈ SmZ ,mε

Proof. Consider any S ∈ Sm,n

||B(S)− Bτ (S)||2S = ||(SX + AXZ−1SPG)(I − Pτ )||2S

= ||B(S)(I − Pτ )||2S

=
∞∑
j=r

||(B(S))j||2S

where (B(S))j denotes the jth block of B(S).
B(S) is square summable, so for any ε > 0, there exists aK such that

∑∞
j=K ||(B(S))j||2S <

ε2. Therefore limτ→∞ Bτ (S) = B(S) and Bτ → B pointwise.
Proof of 5. Lemma 13 says Bτ → B pointwise, so for any ε

2
> 0, there exists a K1

s.t.
||Bτ (Sτ )− B(Sτ )|| <

ε

2
∀r ≥ K1
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B is continuous and Sτ → Ŝ, so for any ε
2
> 0, there exists a K2 s.t.

||B(Sτ )− B(Ŝ)|| < ε

2
∀r ≥ K2

Therefore:

||Bτ (Sτ )− B(Sτ )||+ ||B(Sτ )− B(Ŝ)|| < ε ∀r ≥ max(K1, K2)

Then by the triangle inequality:

||Bτ (Sτ )− B(Ŝ)|| < ε ∀r ≥ max(K1, K2)

so by definition
lim
τ→∞
Bτ (Sτ ) = B(Ŝ)

Then substitute with the fixed points, followed by their limit:

lim
τ→∞

Sτ = B(Ŝ)

Ŝ = B(Ŝ)

A.4 The Norm of the Fréchet Derivative

This section introduces some notation useful for characterizing the norm of the Fréchet
derivative, states an intermediate lemma, and finally derives the expression.

A.4.1 Additional Notation

Toeplitz operators have an associated Hankel operator. The block Toeplitz operator
Y constructed from the block column y has block columns y, Ly, L2y, .... I denote
the associated Hankel operator H(y), which has block columns y, L−1y, L−2y, ..., and
thus is block-symmetric. If H(Y ) is written in terms of a non-Toeplitz operator Y ,
it is implied that it takes the first block column of Y as its argument.

Some operations are made more difficult by the fact that signals are block Toeplitz
operators, rather than regular Toeplitz operators which would otherwise commute for
causal signals. One method to resolve this is to permute the blocks into vectors, and
apply Kronecker products of operators; this requires some further notation. bvec(·)
vectorizes each block of an (m×n)-block operator, producing a (mn×1)-block Toeplitz
operator, by stacking sub-block columns. For example, bvec(Y ) is a block Toeplitz
operator, and bvec(Y )e1 is its first column, which encodes all of the information of
a lower triangular block Toeplitz operator Y . Therefore the signal and vector norms
are related by

||Y ||S = ||bvec(Y )e1||
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which immediately follows from Definition 10.
Sometimes it is necessary to transpose the blocks of an operator without trans-

posing the entire operator. The block transpose of an operator Y is denoted by
Y ᵀ.

Let LY and RY denote left and right multiplication of a vectorized operator, such
that the original operator is left or right multiplied by Y , respectively. In other words,
for block m× n operator Y and scalar k, the blocks of Lk

Y and Rk
Y are given by:

Lk
Y,ij = Ik ⊗ Yij Rk

Y,i,j = Y ∗i,j ⊗ Ik (60)

then conformable operators X (with k×m blocks) and Y (with m×n blocks) satisfy

bvec(XY ) = Ln
Xbvec(Y )

Using R requires more conditions than L. One special case is where X and Y are
conformable lower block triangular Toeplitz operators:

bvec(XY ) = Rk
Y bvec(X)

A second special case is where H and Y are conformable Hankel and lower block
triangular Toeplitz operators, respectively:

bvec(HY ) = Rk
Y ᵀ∗bvec(H)

Hankel and upper triangular Toeplitz operators have a useful relationship in the
case where x and y are ordinary vectors: X∗y = H(y)x. Property 14 generalizes this
to the block case.

Property 14 For m× k block vector x and m× n block vector y:

bvec(X∗y) = %k,nbvec(H(yᵀ)x)

where %k,n is the vec-permutation matrix24 for k × n vectorized matrices.

A.4.2 A Lemma for Characterizing the Fréchet Derivative

Consider a lower block triangular signal operator S ∈ SmZ ,mε , and a deviation S∆ ∈
SmZ ,mε . Denote the difference D ≡ S∆ − S. Let PS ≡ Sᵀ(Sᵀ∗Sᵀ)−1Sᵀ∗ denote the
projection onto the columns of Sᵀ, let MS ≡ I − PS denote the residual projection
and let S−ᵀL ≡ (Sᵀ∗Sᵀ)−1Sᵀ∗ denote the left inverse of the signal operator Sᵀ.

Lemma 15 If Φ is a conformable non-causal block Toeplitz operator, then for i ≤ m:

(PS∆ − PS)[(ΦS)ᵀ]+ei = MSD
ᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗MS[(ΦS)ᵀ]+ei + o(||D||S)

(61)

24Henderson and Searle (1981)
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Proof.

(PS∆−PS)[(ΦS)ᵀ]+ei = (Sᵀ+Dᵀ)((Sᵀ+Dᵀ)∗(Sᵀ+Dᵀ))−1(Sᵀ+Dᵀ)∗[(ΦS)ᵀ]+ei−PS[(ΦS)ᵀ]+ei

= Dᵀ(Sᵀ∗Sᵀ)−1S∗[(ΦS)ᵀ]+ei + Sᵀ(Sᵀ∗Sᵀ)−1Dᵀ∗[(ΦS)ᵀ]+ei...

+ Sᵀ((Sᵀ +Dᵀ)∗(Sᵀ +Dᵀ))−1Sᵀ∗[(ΦS)ᵀ]+ei − PS[(ΦS)ᵀ]+ei + o(||D||S)

The o(||D||S) term here collects all Dᵀ∗Dᵀ and DᵀDᵀ∗ terms. Substitute in S−ᵀL ≡
(Sᵀ∗Sᵀ)−1Sᵀ∗ to simplify notation:

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

+ Sᵀ((Sᵀ +Dᵀ)∗(Sᵀ +Dᵀ))−1Sᵀ∗[(ΦS)ᵀ]+ei − PS[(ΦS)ᵀ]+ei + o(||D||S)

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

+ Sᵀ(Sᵀ∗Sᵀ +Dᵀ∗Sᵀ + Sᵀ∗Dᵀ)−1Sᵀ∗[(ΦS)ᵀ]+ei − PS[(ΦS)ᵀ]+ei + o(||D||S)

Using PS = Sᵀ(Sᵀ∗Sᵀ)−1Sᵀ∗:

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

+ Sᵀ(Sᵀ∗Sᵀ +Dᵀ∗Sᵀ + Sᵀ∗Dᵀ)−1Sᵀ∗[(ΦS)ᵀ]+ei...

−Sᵀ(Sᵀ∗Sᵀ+Dᵀ∗Sᵀ+Sᵀ∗Dᵀ)−1(Sᵀ∗Sᵀ+Dᵀ∗Sᵀ+Sᵀ∗Dᵀ)(Sᵀ∗Sᵀ)−1Sᵀ∗[(ΦS)ᵀ]+ei+o(||D||S)

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

+Sᵀ(Sᵀ∗Sᵀ+Dᵀ∗Sᵀ+Sᵀ∗Dᵀ)−1
(
I − (Sᵀ∗Sᵀ +Dᵀ∗Sᵀ + Sᵀ∗Dᵀ)(Sᵀ∗Sᵀ)−1

)
Sᵀ∗[(ΦS)ᵀ]+ei+o(||D||S)

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

−Sᵀ(Sᵀ∗Sᵀ+Dᵀ∗Sᵀ+Sᵀ∗Dᵀ)−1
(
Dᵀ∗Sᵀ(Sᵀ∗Sᵀ)−1 + Sᵀ∗Dᵀ(Sᵀ∗Sᵀ)−1

)
Sᵀ∗[(ΦS)ᵀ]+ei+o(||D||S)

Subsume some additional terms into o(||D||S):

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

− Sᵀ(Sᵀ∗Sᵀ)−1
(
Dᵀ∗Sᵀ(Sᵀ∗Sᵀ)−1 + Sᵀ∗Dᵀ(Sᵀ∗Sᵀ)−1

)
Sᵀ∗[(ΦS)ᵀ]+ei + o(||D||S)

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

− Sᵀ(Sᵀ∗Sᵀ)−1Dᵀ∗PS[(ΦS)ᵀ]+ei − PSDᵀ(Sᵀ∗Sᵀ)−1Sᵀ∗[(ΦS)ᵀ]+ei + o(||D||S)

Substitute MS ≡ I − PS and S−ᵀL ≡ (Sᵀ∗Sᵀ)−1Sᵀ∗:

= DᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗[(ΦS)ᵀ]+ei...

− S−ᵀ∗L Dᵀ∗PS[(ΦS)ᵀ]+ei − PSDᵀS−ᵀL [(ΦS)ᵀ]+ei + o(||D||S)

= MSD
ᵀS−ᵀL [(ΦS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗MS[(ΦS)ᵀ]+ei + o(||D||S)
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A.4.3 The Fréchet Derivative

To make the equations in the Theorem 17 proof more manageable, denote the non-
causal operator

ΥS ≡ ΞB−1
X1(BZ1FS +BZ0)

where F is the forecast operator for S = ZW , i.e.

FS = [L−1Z]+Z
−1

so the FSS is the signal process for forecasts of S. This is useful notation to simplify
some terms in the policy function where Z̃ would otherwise appear:

ΥSZ = ΞZ̃

Additionally define
ζ ≡ ΞB−1

X1(BZ0 +BZ1L
−1) (62)

To simplify the norm itself, I introduce subspace coefficients QPS and QMS
.

Definition 16 For nonzero S ∈ SmZ ,mε, define

QPS ≡ Rmε
ζᵀ

QMS
≡

Rmε
S−ᵀ
L [(ζS)ᵀ]+

+ Ln
S−ᵀ∗
L
%n,mZLmZ

H((MS [(ζS)ᵀ]+)ᵀ) −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
MLS

+ Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L

(
Rmε
S−ᵀ
L [L−1S]ᵀ+

+ LmZ
S−ᵀ∗
L

%mZ ,mZLmz
H((MS [L−1S]ᵀ+)ᵀ)

)
Theorem 17 The norm of the Fréchet derivative of B is

||DB(S)|| = max
{
||LmZ

PG
Rmε

(AΘ)ᵀQPSL
mZ
PS
||, ||LmZ

PG
Rmε

(AΘ)ᵀQMS
LmZ
MS
||
}

(63)

Proof.
The norm of the perturbed difference B(S∆)− B(S) is given by

||B(S∆)− B(S)||S = ||AΘ
(
[ΥS∆Z∆]+W

∆ − [ΥSZ]+W
)
PG||S (64)

I will first characterize the interior term [ΥS∆Z∆]+W
∆ − [ΥSZ]+W .

[ΥS∆Z∆]+W
∆−[ΥSZ]+W = [ΞB−1

X1(BZ1FS∆+BZ0)Z∆]+W
∆−[ΞB−1

X1(BZ1FS+BZ0)Z]+W

= [ΞB−1
X1(BZ1[L−1Z∆]+ +BZ0Z

∆)]+W
∆ − [ΞB−1

X1(BZ1[L−1Z]+ +BZ0Z)]+W

= [ΞB−1
X1(BZ1(L−1Z∆−L−1)+BZ0Z

∆)]+W
∆− [ΞB−1

X1(BZ1(L−1Z−L−1)+BZ0Z)]+W
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= [ΞB−1
X1(BZ1L

−1+BZ0)Z∆]+W
∆−[ΞB−1

X1(BZ1L
−1+BZ0)Z]+W−[ΞB−1

X1BZ1L
−1]+(W∆−W )

Substituting with ζ from (62) gives:

[ΥS∆Z∆]+W
∆−[ΥSZ]+W = [ζZ∆]+W

∆−[ζZ]+W−[ΞB−1
X1BZ1L

−1]+(W∆−W ) (65)

Again denote the signal deviation by D ≡ S∆ − S. [ζZ]+W is the projection
of the noncausal signals ζZW = ζS onto current and past W , or equivalently onto
current and past S. The block structure of the signals requires some additional care
to ensure conformability: in order to project columns of ζS onto the space spanned
by lags of S, the blocks must be transposed first. In other words, the columns of the
block-transposed operator ([ζZ]+W )ᵀei are given by the projection of [(ζS)ᵀ]+ei for
each i ≤ m onto Sᵀ.25 The first term in (65) becomes for each i ≤ m:

([ζZ∆]+W
∆ − [ζZ]+W )ᵀei = PS∆ [(ζS∆)ᵀ]+ei − PS[(ζS)ᵀ]+ei

= (PS∆ − PS)[(ζS)ᵀ]+ei + PS[(ζD)ᵀ]+ei + o(||D||S)

= MSD
ᵀS−ᵀL [(ζS)ᵀ]+ei + S−ᵀ∗L Dᵀ∗MS[(ζS)ᵀ]+ei + PS[(ζD)ᵀ]+ei + o(||D||S)

by Lemma 15. Block vectorize:

bvec(([ζZ∆]+W
∆ − [ζZ]+W )ᵀ)e1 =

bvec(MSD
ᵀS−

ᵀ

L [(ζS)ᵀ]+)e1+bvec(S−ᵀ∗L Dᵀ∗MS[(ζS)ᵀ]+)e1+bvec(PS[(ζD)ᵀ]+)e1+o(||D||S)

The vector e1 selects the first column, making the [·]+ operators redundant on the
right-hand side because S and D are lower triangular:

bvec(([ζZ∆]+W
∆ − [ζZ]+W )ᵀ)e1 =

bvec(MSD
ᵀS−

ᵀ

L (ζS)ᵀ)e1 + bvec(S−ᵀ∗L Dᵀ∗MS(ζS)ᵀ)e1 + bvec(PS(ζD)ᵀ)e1 + o(||D||S)

Separate ζ into the lower triangular (causal) term ζC and the strictly upper triangular
(noncausal) term ζNC so that ζ = ζC + ζNC :

= bvec(MSD
ᵀS−

ᵀ

L (ζS)ᵀ)e1 + bvec(S−ᵀ∗L Dᵀ∗MS(ζS)ᵀ)e1

+ bvec(PS(ζCD)ᵀ)e1 + bvec(PS(ζNCD)ᵀ)e1 + o(||D||S)

25These block transposes are necessary because the signals are encoded in the columns of the
operator S, but each column corresponds to a single shock and multiple signals. Forecasters do
not observe individual shocks; they observe individual signals. Forecasting is projecting a single
signal onto lags of itself and other signals. So columns of S cannot directly be projected to recover
the forecasts. However, columns must be used for projection because the rows of S never contain
all of the block entries of S, except in the limit. Therefore the blocks must be transposed so that
columns of S correspond to individual signals rather than shocks. These transposes could be avoided
by treating causal operators as upper triangular rather than lower triangular (as was the case in
earlier versions of the paper) or by having shocks appear on the left-hand side, but this creates more
burdensome notation elsewhere.
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Separating the causal and non-causal components is useful to take advantage of
two properties. First, the causal components commute with block transposes, i.e.
(ζCD)ᵀ = DᵀζᵀC . Second, the non-causal component satisfies bvec(PS(ζNCD)ᵀ)e1 =
bvec(PSH(PSD

ᵀ)ζ∗NC)e1

= bvec(MSD
ᵀS−

ᵀ

L (ζS)ᵀ)e1 + bvec(S−ᵀ∗L Dᵀ∗MS(ζS)ᵀ)e1

+ bvec(PSD
ᵀζᵀC)e1 + bvec(PSH(PSD

ᵀ)ζ∗NC)e1 + o(||D||S)

= Rmε
S−ᵀ
L [(ζS)ᵀ]+

bvec(MSD
ᵀ)e1 + Ln

S−ᵀ∗
L
bvec(Dᵀ∗MS[(ζS)ᵀ]+)e1

+ Rmε
ζᵀC
bvec(PSD

ᵀ)e1 + Rmε
ζᵀNC

bvec(PSH(PSD
ᵀ))e1 + o(||D||S)

= Rmε
S−ᵀ
L [(ζS)ᵀ]+

bvec(MSD
ᵀ)e1 + Ln

S−ᵀ∗
L
bvec(Dᵀ∗MS[(ζS)ᵀ]+)e1

+ Rmε
ζᵀC
bvec(PSD

ᵀ)e1 + Rmε
ζᵀNC

bvec(PSD
ᵀ)e1 + o(||D||S)

= Rmε
S−ᵀ
L [(ζS)ᵀ]+

bvec(MSD
ᵀ)e1+Ln

S−ᵀ∗
L
bvec(Dᵀ∗MS[(ζS)ᵀ]+)e1+Rmε

ζᵀ bvec(PSD
ᵀ)e1+o(||D||S)

Apply Property 14:

= Rmε
S−ᵀ
L [(ζS)ᵀ]+

bvec(MSD
ᵀ)e1+Ln

S−ᵀ∗
L
%n,mZbvec(H((MS[(ζS)ᵀ]+)ᵀ)Dᵀ)e1+Rmε

ζᵀ bvec(PSD
ᵀ)e1+o(||D||S)

and because MS is idempotent:

= Rmε
S−ᵀ
L [(ζS)ᵀ]+

bvec(MSD
ᵀ)e1+Ln

S−ᵀ∗
L
%n,mZLmZ

H((MS [(ζS)ᵀ]+)ᵀ)bvec(MSD
ᵀ)e1+Rmε

ζᵀ bvec(PSD
ᵀ)e1+o(||D||S)

(66)
Block transpose then block vectorize the second term in equation (65):

bvec(([ΞB−1
X1BZ1L

−1]+(W∆ −W ))ᵀ)e1 = bvec((W∆ −W )ᵀ[ΞB−1
X1BZ1L

−1]ᵀ+)e1

= Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
bvec((W∆ −W )ᵀ)e1

= Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
bvec((MLS∆ −MLS)Sᵀ +MLSD

ᵀ)e1 + o(||D||S)

where MLS ≡ I − LSᵀ(Sᵀ∗Sᵀ)−1Sᵀ∗L∗ denotes the residual projection onto lagged
columns of Sᵀ. Then using MLS = MLSMS:

= Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
bvec((MLS∆−MLS)Sᵀ)e1+Rmε

[ΞB−1
X1BZ1L−1]ᵀ+

LmZ
MLS

bvec(MSD
ᵀ)e1+o(||D||S)

= −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
bvec(L(PS∆−PS)L∗Sᵀ)e1+Rmε

[ΞB−1
X1BZ1L−1]ᵀ+

LmZ
MLS

bvec(MSD
ᵀ)e1+o(||D||S)

= −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L bvec((PS∆−PS)L∗Sᵀ)e1+Rmε

[ΞB−1
X1BZ1L−1]ᵀ+

LmZ
MLS

bvec(MSD
ᵀ)e1+o(||D||S)
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Apply Lemma 15:

= −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L bvec(MSD

ᵀS−ᵀL [L−1S]ᵀ+ + S−ᵀ∗L Dᵀ∗MS[L−1S]ᵀ+)e1

+ Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
MLS

bvec(MSD
ᵀ)e1 + o(||D||S)

= −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L Rmε

S−ᵀ
L [L−1S]ᵀ+

bvec (MSD
ᵀ) e1

−Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L LmZ

S−ᵀ∗
L

bvec
(
Dᵀ∗MS[L−1S]ᵀ+

)
+Rmε

[ΞB−1
X1BZ1L−1]ᵀ+

LmZ
MLS

bvec(MSD
ᵀ)e1+o(||D||S)

Apply Property 14:

= −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L Rmε

S−ᵀ
L [L−1S]ᵀ+

bvec (MSD
ᵀ) e1

−Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L LmZ

S−ᵀ∗
L

%mZ ,mZbvec
(
H((MS[L−1S]ᵀ+)ᵀ)Dᵀ

)
e1

+ Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
MLS

bvec(MSD
ᵀ)e1 + o(||D||S)

= −Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L Rmε

S−ᵀ
L [L−1S]ᵀ+

bvec (MSD
ᵀ) e1

−Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L LmZ

S−ᵀ∗
L

%mZ ,mZLmz
H((MS [L−1S]ᵀ+)ᵀ)

bvec (MSD
ᵀ) e1

+ Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
MLS

bvec(MSD
ᵀ)e1 + o(||D||S) (67)

Block transpose and block vectorize equation (65) and plug in equations (66) and
(67):

bvec(([ΥS∆Z∆]+W
∆ − [ΥSZ]+W )ᵀ)e1

= Rmε
S−ᵀ
L [(ζS)ᵀ]+

bvec(MSD
ᵀ)e1 + Ln

S−ᵀ∗
L
%n,mZLmZ

H((MS [(ζS)ᵀ]+)ᵀ)bvec(MSD
ᵀ)e1

+ Rmε
ζᵀ bvec(PSD

ᵀ)e1 + Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L Rmε

S−ᵀ
L [L−1S]ᵀ+

bvec (MSD
ᵀ) e1

+ Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
L LmZ

S−ᵀ∗
L

%mZ ,mZLmz
H((MS [L−1S]ᵀ+)ᵀ)

bvec (MSD
ᵀ) e1

−Rmε
[ΞB−1

X1BZ1L−1]ᵀ+
LmZ
MLS

bvec(MSD
ᵀ)e1 + o(||D||S)

Collecting coefficients on bvec (PSD
ᵀ) e1 and bvec (MSD

ᵀ) e1 and using the notation
from Definition 16 gives

bvec
((

[ΥS∆Z∆]+W
∆ − [ΥZ]+W

)ᵀ)
e1 = QPSbvec (PSD

ᵀ) e1+QMS
bvec (MSD

ᵀ) e1+o(||D||S)

Now plug this characterization of [ΥS∆Z∆]+W
∆ − [ΥSZ]W back into Equation

(64) and block vectorize:

bvec
((
AΘ

(
[ΥS∆Z∆]+W

∆ − [ΥZ]+W
)
PG
)ᵀ)

e1

= LmZ
PG

Rmε
(AΘ)ᵀQPSbvec (PSD

ᵀ) e1 + LmZ
PG

Rmε
(AΘ)ᵀQMS

bvec (MSD
ᵀ) e1 + o(||D||S) (68)
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Consider the norm of the non-vanishing term in Equation (68) for the “worst case”
deviation D, given its norm ||D||S = ||bvec (Dᵀ) e1||:

sup
D given ||D||S

||LmZ
PG

Rmε
(AΘ)ᵀQPSbvec (PSD

ᵀ) e1 + LmZ
PG

Rmε
(AΘ)ᵀQMS

bvec (MSD
ᵀ) e1||

The operators PS and MS project onto orthogonally complementary spaces, spanned
by – or residual to – the columns of Sᵀ, respectively. The vector bvec (Dᵀ) e1 is the
sum of orthogonal components bvec (MSD

ᵀ) e1 and bvec (PSD
ᵀ) e1, which are in the

spaces im(LPS) and im(LMS
) respectively and can be considered independently:

= sup
yS∈im(LPS ),y⊥S∈im(LMS ),||yS+y⊥S ||=||D||S

||LmZ
PG

Rmε
(AΘ)ᵀQPSyS + LmZ

PG
Rmε

(AΘ)ᵀQMS
y⊥S||

= sup
yS∈im(LPS ),y⊥S∈im(LMS ),||yS+y⊥S ||=||D||S

||LmZ
PG

Rmε
(AΘ)ᵀQPSLPSyS+LmZ

PG
Rmε

(AΘ)ᵀQMS
LMS

y⊥S||

Then because the vectors are orthogonal:

= sup
yS∈im(LPS ),y⊥S∈im(LMS ),||yS+y⊥S ||=||D||S√

||LmZ
PG

Rmε
(AΘ)ᵀQPSLPSyS||2 + ||LmZ

PG
Rmε

(AΘ)ᵀQMS
LMS

y⊥S||2

and by the definition of the operator norm:

= sup
yS∈im(LPS ),y⊥S∈im(LMS ),||yS+y⊥S ||=||D||S√

||LmZ
PG

Rmε
(AΘ)ᵀQPSLPS ||2||yS||2 + ||LmZ

PG
Rmε

(AΘ)ᵀQMS
LMS
||2||y⊥S||2

which is maximized by putting all weight on the subspace with the larger coefficient:

=

√
max

{
||LmZ

PG
Rmε

(AΘ)ᵀQPSLPS ||2||D||2S, ||L
mZ
PG

Rmε
(AΘ)ᵀQMS

LMS
||2||D||2S

}
= max

{
||LmZ

PG
Rmε

(AΘ)ᵀQPSLPS ||, ||L
mZ
PG

Rmε
(AΘ)ᵀQMS

LMS
||
}
||D||S

Plug this “worst case” back into Equation (68) after taking the norm, in order to
derive the inequality

||bvec
((
AΘ

(
[ΥS∆Z∆]+W

∆ − [ΥZ]+W
)
PG
)ᵀ)

e1|| ≤

max
{
||LmZ

PG
Rmε

(AΘ)ᵀQPSLPS ||, ||L
mZ
PG

Rmε
(AΘ)ᵀQMS

LMS
||
}
||D||S + o(||D||S)
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Using the definitions of || · ||S:

||AΘ
(
[ΥS∆Z∆]+W

∆ − [ΥZ]+W
)
PG||S

≤ max
{
||LmZ

PG
Rmε

(AΘ)ᵀQPSLPS ||, ||L
mZ
PG

Rmε
(AΘ)ᵀQMS

LMS
||
}
||D||S + o(||D||S) (69)

and because ||B(S + D)− BS||S = ||AΘ
(
[ΥS∆Z∆]+W

∆ − [ΥZ]+W
)
PG||S, the limit

is

lim
||D||S→0

||B(S+D)−BS||S ≤ max
{
||LmZ

PG
Rmε

(AΘ)ᵀQPSLPS ||, ||L
mZ
PG

Rmε
(AΘ)ᵀQMS

LMS
||
}
||D||S

and the inequality (69) is sharp in the limit as ||D||S → 0, so

||DB(S)|| = max
{
||LmZ

PG
Rmε

(AΘ)ᵀQPSLPS ||, ||L
mZ
PG

Rmε
(AΘ)ᵀQMS

LMS
||
}

(70)

A.5 Proofs of Characteristics of Stable Equilibria

Definition 18 A fixed point Ŝ is called locally unique if there exists a neighborhood
N(S) around S such that Ŝ is the only fixed point in N(S).

Proof of Theorem 8. The Fréchet derivative is continuous everywhere in SmZ ,mε
except at zero, where it is undefined. So if ||DB(Ŝ)||S < 1 then there exists a ball
b(Ŝ) around Ŝ such that ||DB(S)||S < 1 for all S ∈ b(Ŝ). Therefore B is a contraction
on b(Ŝ) (Kantorovich and Akilov, 1959, p. 661).26

B is also a self-map on b(Ŝ). To see why, consider any S ∈ b(Ŝ). ||BS − BŜ||S <
||S − Ŝ||S because B is a contraction on b(Ŝ). Ŝ is a fixed point satisfying BŜ = Ŝ,
so ||BS − Ŝ|| < ||S − Ŝ||S. Therefore BS is in the ball b(Ŝ).

Finally, B is a self-map and a contraction on the ball b(Ŝ), therefore the Banach
fixed point theorem implies that Ŝ is the unique fixed point in b(Ŝ).
Proof of Corollary 9. A ball b(Ŝ) such that ||DB(S)|| < 1∀S ∈ b(Ŝ) ex-
ists because ||DB|| as given by Theorem 17 is continuous everywhere except 0 and
||DB(Ŝ)|| < 1. B is a contraction mapping on any such ball b(Ŝ) with Lipschitz con-
stant maxS∈b(Ŝ) ||DB(S)|| < 1, therefore by the Banach Contraction Mapping Theo-

rem, BkS0 converges to Ŝ.
Proof of Theorem 7. Consider column vector y with unit norm satisfying

y = arg max
||y||=1

||AΘΞB−1
X1(BZ1L

−1 +BZ0)y||

then we have by definition of the operator norm

||AΘΞB−1
X1(BZ1L

−1 +BZ0)|| = ||AΘΞB−1
X1(BZ1L

−1 +BZ0)y||
26This property is reported in English in Holtzman (1968).
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= ||AΘΞB−1
X1(BZ1L

−1 +BZ0)Y ||S
Consider a single aggregate signal SG that is generated only by aggregate shocks,
i.e. SGPG = SG. By assumption, such an SG is contained in the rows of any fixed
point signal operator Ŝ. Denote the Wold decomposition of the aggregate signal by
SG = AGWG where AG is causally invertible and WG has variance σ2

WG
. WG is white

noise, so its autocovariance operator is diagonal: W ∗
GWG = σ2

WG
I, thus σ−1

WG
WG is an

isometry. Accordingly, rewriting the operator in terms of the basis σ−1
WG
WG does not

affect its norm:
= ||AΘΞB−1

X1(BZ1L
−1 +BZ0)Y σ−1

WG
WG||S

= ||AΘΞB−1
X1(BZ1L

−1 +BZ0)Y σ−1
WG
A−1
G SG||S

= ||AΘΞB−1
X1(BZ1L

−1 +BZ0)ỹ||S (71)

for the unit norm vector ỹ ≡ Y σ−1
WG
A−1
G sG. ỹ is a mZ × mε block column vector

that is spanned by current and past signals, and aggregate shocks. Block vectorizing
(Appendix A.4.1) preserves the norm:

= ||bvec(AΘΞB−1
X1(BZ1L

−1 +BZ0)ỹ)||

as does block transposing:

= ||bvec((AΘΞB−1
X1(BZ1L

−1 +BZ0)ỹ)ᵀ)||

= ||bvec((AΘΞB−1
X1(BZ1L

−1 +BZ0)ỹ)ᵀ)||

= ||Rmε
(AΘ)ᵀR

mε
ζᵀ bvec(ỹ

ᵀ)|| (72)

= ||Rmε
(AΘ)ᵀQPSbvec(ỹ

ᵀ)||

per equation (62) and definition 16. By construction, ỹ is spanned by current and
past aggregate signals, so that bvec(ỹᵀ) = LmZ

PS
bvec(ỹᵀ) = LmZ

PG
LmZ
PS
bvec(ỹᵀ). The L

and R operators in this equation commute with one another (but not themselves) so
the equality becomes:

||AΘΞB−1
X1(BZ1L

−1 +BZ0)|| = ||LmZ
PG

Rmε
(AΘ)ᵀQPSL

mZ
PS
bvec(ỹᵀ)|| (73)

The initial assumption on y implied that ỹ maximizes (71) and thus also (72). By
definition of the operator norm:

||Rmε
(AΘ)ᵀR

mε
ζᵀ || = ||R

mε
(AΘ)ᵀR

mε
ζᵀ bvec(ỹ

ᵀ)||

≥ ||LmZ
PG

Rmε
(AΘ)ᵀR

mε
ζᵀ LmZ

PS
||

because LmZ
PG

and LmZ
PS

are projections. But (73) implies

||LmZ
PG

Rmε
(AΘ)ᵀQPSL

mZ
PS
bvec(ỹᵀ)|| ≥ ||LmZ

PG
Rmε

(AΘ)ᵀR
mε
ζᵀ LmZ

PS
|| (74)
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But bvec(ỹᵀ) is a unit vector, so (74) must hold with equality.
Substituting with definition 16 and (73) implies

||AΘΞB−1
X1(BZ1L

−1 +BZ0)|| = ||LmZ
PG

Rmε
(AΘ)ᵀR

mε
ζᵀ LmZ

PS
|| (75)

By Theorem (17), the norm of the Fréchet derivative is only< 1 if ||LmZ
PG

Rmε
(AΘ)ᵀQPSL

mZ
PS
|| <

1. Equation (75) says this is equivalent to the Information Feedback Regularity con-
dition (3).

A.6 Self-Map Lemma

Lemma 19 B is an operator mapping SmZ ,mε → SmZ ,mε

Proof. The elements of B are in the following Banach spaces:

� SX ∈ SmZ ,mε

� A ∈ Sm,m

� X ∈ Sm,m

� W ∈ SmZ ,mε

� PG ∈ Sn,n

The blocks agree so that AXWPG ∈ S, which is in the same space as SX , so SX +
AXWPG ∈ S.

B Linearization Details

The Euler equation is

Qi,t = βEi,t

[(
Ci,t
Ci,t+1

)−γ
(RK,i,t+1 +Qi,t+1(1− δ))

]
(76)

Log linearize this equation to get

Qqi,t = βEi,t
[(
RK +Q(1− δ)

)
γ(ci,t − ci,t+1) +RKrK,i,t+1 +Q(1− δ)qi,t+1

]
Then the steady states Q = 1 and β

(
RK +Q(1− δ)

)
= 1 imply

qi,t = Ei,t
[
γ(ci,t − ci,t+1) + βRKrK,i,t+1 + β(1− δ)qi,t+1

]
(77)
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Next, linearizing capital demand from equation (29) gives

rK,i,t = pi,t + yi,t − ki,t

with linearized sector demand (27)

pi,t =
1

η
(yt − yi,t)

and linearized production (28)

yi,t = ai,t + αki,t

with the labor market clearing so that li,t = 0. These equations imply that the rental
rate can be written as

rK,i,t =
1

η
yt +

η − 1

η
ai,t +

(
η − 1

η
α− 1

)
ki,t

Plug this back into equation (77) to get the linearized Euler equation (33):

qi,t = Ei,t

[
γ(ci,t − ci,t+1) + βRK

(
1

η
yt+1 +

η − 1

η
ai,t+1 +

(
η − 1

η
α− 1

)
ki,t+1

)
+ β(1− δ)qi,t+1

]
The law of motion for capital is

Ki,t+1 = Ii,t + (1− δ)Ki,t

Linearized, it becomes
ki,t+1 = δii,t + (1− δ)ki,t

The island’s resource constraint is Pi,tYi,t = Ci,t +Qi,tIi,t. Linearized, it becomes

PY (pi,t + yi,t) = Cci,t +QI(qi,t + ii,t)

Use the steady states P = 1 and Q = 1 and rearrange to write investment as

ii,t =
Y

I
(pi,t + yi,t)−

C

I
ci,t − qi,t

Again, use the linearized sectoral demand and production function to get

ii,t =
Y

I

(
1

η
yt +

η − 1

η
ai,t +

η − 1

η
αki,t

)
− C

I
ci,t − qi,t

and plug this back in for investment to get the linearized law of motion (34):

ki,t+1 = δ
Y

I

(
1

η
yt +

η − 1

η
ai,t

)
− δC

I
ci,t − δqi,t + (δ

Y

I

η − 1

η
α + 1− δ)ki,t
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C Computation

This appendix describes a method for computing the Signal Operator Iteration algo-
rithm.

The theoretical algorithm defined in Section 3.1 finds the equilibrium signal op-
erator Ŝ, which is an infinite Toeplitz matrix. However, when computing a solution,
some approximation to a finite object is required. I apply the “finite section method”
(Böttcher and Silbermann, 2012): choose a truncation length τ , and set all matrix
coefficients Sj = 0 for j > τ .

C.1 Properties of the Approximation

Approximating operators in this way allows for arbitrarily precise approximation of
the solution Ŝ. The signal operators S map `2 → `2, implying the corresponding lag
operator polynomials have square summable coefficients, and the infinite matrix fea-
tures exponential decay off the main diagonal. When the operator S is approximated
by an operator Sτ which has truncation length τ , Strohmer (2002) proves that the
error to linear operations and inversion can be made arbitrarily small by choosing a
large enough value of τ .

It is practical to select a large value of τ , given that the solution algorithm is
not computationally intensive. Because the solution Ŝ must be square summable, a
strategy for checking whether τ is large enough is to select a small bound b̄ > 0 below
which terms are considered sufficiently close to zero, and then check that all terms s
in the τth block Ŝτ of the computed solution are within the bounds, so that |s| < b̄.
If not, increase the truncation length τ .

This approximation method is well-suited for this problem specifically because
the algorithm uses causal operators. Usually, approximating operators on infinite
Toeplitz matrices also requires embedding into a circulant matrix, which introduces
perturbation error in addition to the truncation error. This is because even though
S is approximated by Sτ , Sτ is still an infinite matrix. However, causal operators
have upper block triangular Toeplitz matrices, so it’s possible to calculate the trun-
cated product of two truncated Toeplitz matrices without any additional operators.
Theorem 20 formalizes this property.

Suppose A,B,C are operators mapping `2 → `2 with conformable blocks: the
blocks of A are k × n, the blocks of B are k × m, and the blocks of C are m × n.
Let T τ (A), T τ (B), T τ (C) denote the τk × τn, τk × τm, and τm× τn block Toeplitz
matrices with the same main diagonal blocks as the infinite operators.

Theorem 20 If operators A,B,C mapping `2 → `2 are causal and satisfy

A = BC

Then the finite approximations T τ (A), T τ (B), T τ (C) satisfy

T τ (A) = T τ (B)T τ (C)
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Proof. Partition the operators A,B,C into blocks of arbitrary but equal size. The
equation A = BC becomes

A0 0 0 0 ...
A1 A0 0 0 ...
A2 A1 A0 0 ...
A3 A2 A1 A0 ...
...

...
...

...
. . .

 =


B0 0 0 0 ...
B1 B0 0 0 ...
B2 B1 B0 0 ...
B3 B2 B1 B0 ...
...

...
...

...
. . .




C0 0 0 0 ...
C1 C0 0 0 ...
C2 C1 C0 0 ...
C3 C2 C1 C0 ...
...

...
...

...
. . .


These matrices are block lower triangular, so the blocks A0, B0, C0 satisfy

A0 = B0C0

If the operators A,B,C are partitioned into τk × τn, τk × τm, and τm × τn
blocks respectively, then T τ (A), T τ (B), T τ (C) appear on the main block diagonals.
Therefore, they must satisfy

T τ (A) = T τ (B)T τ (C)

C.2 Computing the Algorithm

To compute the Signal Operator Iteration Algorithm with finite Toeplitz approxima-
tions, I use the following steps. Begin then by conjecturing a causal square-summable
signal process S0 which is approximated by the finite block Toeplitz matrix T τ (S0).
Then proceed by:

1. Find the autocovariance’s finite block Toeplitz approximation implied by signal
process Sn using using equation (15). For j ∈ [−τ, τ ], the blocks in the T τ (Γn)
block Toeplitz matrix are given by

Γj =
τ∑
k=0

SnkΣεS
n
k+j

′

2. Use T τ (Γn) to find the Wold representation: calculate T τ (Zn)−1 that solves the
Yule-Walker equations (16), and invert to find the MA process T τ (Zn).27

3. Given the Wold representation T τ (Zn), generate the matrix T τ (Z̃n) by equation
(50). If T τ (L−1) is the finite approximation to the inverse lag operator (i.e. a

27Alternatively, it is possible to use the Caines and Gerencser (1991) method to find the Wold
representation by Cholesky decomposing the autocovariance matrix, but I found this to be no faster
in practice.
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block matrix with identity matrices along the first block above the main diagonal
and zeros elsewhere) and if T (B−1

X1) is the block matrix with B−1
X1 along the main

diagonal (and similarly for matrices BZ1 and BZ0) then T τ (Z̃n) is given by

T τ (Z̃n) =
[
−T τ (B−1

X1)
(
T τ (BZ1)T τ (L−1) + T τ (BZ0)

)
T τ (Zn)

]
LT

where the operator [·]LT is the finite matrix equivalent of the annihilation op-
erator [·]+ setting all blocks above the main diagonal to zero.

4. Calculate the block Toeplitz approximation of the policy function T τ (Xn) by
applying Theorem 1:

T τ (Xn) = T τ (Θ)
[
T τ (Ξ)T τ (Z̃n)

]
LT

5. Calculate the implied approximation of the signal T τ (Sn+1) using equation (21):

T τ (Sn+1) = T τ (SX) + [T τ (A)T τ (Xn)T τ (Zn)−1(L)T τ (Sn)T τ (PG)]LT

6. If the Euclidean matrix norm of ||T τ (Sn+1) − T τ (Sn)||2 is sufficiently close to
zero, conclude that the equilibrium signal process is S(L) = Sn+1(L). Otherwise
return to Step 1 with guess Sn+1.

The finite matrix approximation introduces some error into this algorithm, al-
though this error can be reduced by choosing an arbitrarily large approximation
length τ . This is practical even for large values of τ because only the matrix in-
version in Step (2.) is computationally intensive; the other steps are linear matrix
operations. Concatenation error occurs in Steps (1.) and (2.), but goes to zero as τ
becomes large. Theorem 20 ensures that the remaining steps introduce no additional
error.

D Time Series in `2

This Appendix describes how to represent an identically distributed time series in the
Hilbert space `2. The primary reference for this section is Conway (2007).

D.1 Mapping L2 to `2

The usual space for random variables is the function space L2(Ω,F ,P), with sample
space Ω, σ-algebra F , and probability measure P . When Ω is countable, L2 is a
separable Hilbert space, and all separable Hilbert spaces are isomorphic to the Hilbert
space `2, the space of square-summable infinite dimensional sequences.28

28More generally, all Hilbert spaces of a particular cardinality are isomorphic to the vector space
`2 of the same cardinality.
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To construct the discrete time series process, suppose Ω is countably infinite. L2

can be translated to `2 in the following way. L2 is a Hilbert space, so it has an
orthonormal basis. This basis is a set of independent random variables with unit
variance; let time t represent the index of these random variables and denote the
random variables {Wt}0

t=−∞. Any random variable X in L2 can be written as a linear
combination of the basis:

X =
0∑

t=−∞

αXt Wt

with coefficients {αXt }0
t=−∞.

The textbook way to construct `2 from L2 is to map X ∈ L2 to x ∈ `2 by

x =
0∑

t=−∞

αXt et

where {et}0
t=−∞ are the standard basis vectors of `2, i.e. the vectors with a one in the

tth position, and zeros elsewhere.

D.2 Time Series in `2

It is possible to construct a time series by stacking the vectors associated with random
variables into matrices. For example, if x1 and x2 are random variables, then the time
series of {xt}t=2

t=1 is the matrix  | |
x2 x1

| |


Similarly, one can construct infinite time series by creating operators (infinite

matrices). When time is infinite, the vector space is `2, the space of infinite square-
summable sequences. The infinite time series {xt}t=∞t=0 is the operator

X ≡

 | | |
x0 x−1 x−2 ...
| | |

 (78)

An important example in `2 is the standard basis {et}∞t=−∞, which is a time series
of i.i.d. unit variance random variables. Ordered by t, this time series is the infinite
identity matrix I.

The vectors {xt}t=0
t=−∞ map to scalar random variables, but it is straightforward

to construct random vectors. For example, let ys be the `2 representation of a k × 1
random vector Ys. Let each dimension of Ys correspond to a random variable xt.
Then ys can be represented as the matrix | ... |

xτk+k ... xτk+1

| ... |
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A new time series can be made with time index s by

Y ≡

 | | |
y0 y−1 y−2 ...
| | |


which is equivalent to the operator X in (78).

D.3 Time Series as Toeplitz Operators

When a time series is identically distributed over time, its `2 representation {xt}t=0
t=−∞

is the same for every t, except shifted up or down by t places. This gives the matrix
representation X a Toeplitz structure: all of its diagonals are constant. When X is
infinite and Toeplitz, it is referred to as a Toeplitz operator.

When the random variable is a k× 1 vector, its `2 representation {ys}s=0
s=−∞ is the

same for every s, but each time period corresponds to k realizations of the underlying
random variables. Accordingly, when Y is identically distributed over time, its `2

representation is the same for every s, except shifted up or down by s × k places.
This gives the matrix representation Y a block Toeplitz structure, with k× k blocks.
k is sometimes referred to as the “multiplicity” of the `2 space.

D.4 The Autocovariance Function as a Toeplitz Operator

The identically distributed time series {xt}t=0
t=−∞ has an autocovariance function γj

where j indicates the order of the autocovariance (i.e. γ0 is the variance, γ1 is the first
autocovariance, and so forth.) In L2, the jth autocovariance is the inner product:

γj = E[XtXt−j] = 〈Xt, Xt−j〉

and the same is true in `2, where the inner product is also the dot product:

= 〈xt, xt+j〉 = x∗txt−j

Here, x∗t refers to the conjugate transpose, although in most cases the vector xt is
real.

Because of the Toeplitz structure in X, the (1 + j − t)th column of X is x∗t−j.
Similarly, the (1 − t)th row of X∗ is xt. Thus, the autocovariance function is given
by the diagonals of the Toeplitz operator

Γ ≡ X∗X

because the terms on the jth diagonal are all x∗txt+j.
This relationship holds as well when the random variable Y is vector valued.

For the block Toeplitz operator Y, Yᵀ denotes the same operator except with every
block transposed. Then the autocovariance function is given by the block diagonals
of Yᵀ∗Yᵀ.
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